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A Lyapunov Function for the Dynamical Study of
Axial Flow Compressor Dynamics

Der-Cherng Liaw, i-Feng Tsai

Abstract—This paper constructs a class of quadratic-type
Lyapunov functions for the study of axial flow compressor
dynamics. Based on Moore-Greitzer’s model proposed in 1986,
conditions for local system stability is carried out via the
proposed Lyapunov function for the compression system
without considering the dynamics of stall wave. The domain of
attraction for compression system is also analytically estimated.
A sufficient condition is also obtained to guarantee the global
stability of some un-stalled normal operating equilibria. Case
study for both compressors with cubic axisymmetric
characteristics and axisymmetric characteristic proposed by
Liaw and Abed in 1991 are discussed to verify the usage of the
analytical results. Numerical simulations for both cases are also
obtained to demonstrate the main results.

Index Terms—Axial flow compressor, Lyapunov function,
stability.

|. INTRODUCTION

In the recent years, the study of axial flow compressor
dynamics has attracted lots of attention mainly due to the
requirement of high system performance. It is known that two
types of unstable phenomena might occur while the
compressor operates near its maximum achievable pressure
rise. Those nonlinear behaviors might limit the performance
and/or operation of gas turbine jet engines. Under either of
the two unstable conditions, a moderate disturbance can
result in system instability so that the compression system
might experience a large amplitude oscillation
(corresponding to the so-called “surge”) or jump into a very
inefficient operation at constant mass flux with low
pressure-rise (corresponding to the so-called “stall”) (e.g.,
[1]-[4]). Among those previous studies, in 1976 Greitzer
proposed a four-dimensional lumped parameter model to
describe the behavior of surge and stall behavior [1]. A
third-order differential equation model is then proposed by
Moore and Greitzer in 1986 to capture the major
characteristics of both surge and rotating stall phenomena
occurring in axial flow compression systems [2].

Based on Moore and Greitzer's model [2], the stall
behavior of axial flow compression system was found to be
attributed to the occurrence of the so-called “transcritical
stationary bifurcation” [3] or the so-called “pitch-fork
stationary bifurcation” [5] depending on the representation of
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system state. In practical applications, a surge (or stall) line is
usually set up to provide a safe operational boundary for the
usage of compressors. Such a conservative trade-off unduly
restricts the capability of compressor and/or engine. Various
types of control schemes have been proposed to allow
compressors to operate safely beyond the surge line and thus
enhance system efficiency (e.g., [6]-[13]). Among those
designs, several robust control schemes had been applied to
deal with system uncertainties by assuming the axisymmetric
characteristic to be a specific cubic function (e.g., [6],
[11]-[13].

It is known that the determination of stability regions by
using Lyapunov analysis plays an important role such as in
stabilization and robustness analysis (e.g., [12]-[15]). Among
those studies, Simon [14] constructed an energy function for
the one-dimensional model of the axial compressor dynamics
to develop a nonlinear robust control law. The domain of
attraction was also loosely discussed. Mansoux et. al. [15]
proposed a quadratic type Lyapunov function for the analysis
of two-dimensional model of the compressor dynamics. In
particular, the domain of attraction was semi-empirically
determined. In our previous study [5], we had presented the
study of the three-dimensional stall behaviour in axial flow
compressors by using Moore-Greitzer’s model proposed in
[2]. However, no results regarding the domain of attraction
for the corresponding equilibrium has been discussed in the
current studies. In this paper, we will extend previous results
to focus on the study of the two-dimensional behavior in
compressor dynamics by using the same model without
considering the dynamics of stall wave. A preliminary result
of this study was presented in [16]-[17] by using extensive
computer simulations with the help of the code AUTO [18]
for the axial flow compressor dynamics with respect to the
variations of system parameters y and B. Instead of using

numerical approach in [16]-[17], in this study we propose
another approach by the construction of Lyapunov functions
for determining the local stability of system equilibrium and
the corresponding domain of attraction.

This paper is organized as follows. In Section II, the
mathematical model of compression systems introduced by
Moore and Greitzer in 1986 is recalled. It is followed by the
construction of a class of quadratic Lyapunov function for the
1986 year's model without considering the dynamics of stall
wave. Both of local stability criteria and the domain of
attraction are analyzed and estimated for axial compressors.
Numerical simulations will be given in Section IV for
compressors with cubic axisymmetric characteristics and
axisymmetric characteristic proposed by Liaw and Abed in
[16] to verify the usage of the analytical results. Finally,
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Section V gives the main conclusions.

Notation:
A amplitude of the first angular mode of rotating stallwave;
rhc hondimensional compressor mass flow rate;

AP nondimensional plenum pressure rise;

€ angle along circumference;

o ageometry-related constant;

W semi-width of cubic characteristic

C, nondimensional axisymmetric compressor characteristic;

F inverse function of nondimensional throttle pressure rise;

B Greitzer B parameter, proportional to rotor speed and
plenum volume;

y  control parameter of throttle function;

Il. AXIAL FLow COMPRESSOR DYNAMICS

In this section, we will recall the mathematical model of
axial flow compressor dynamics proposed by Moore and
Greitzer in 1986 [2]. A previous result regarding the study of
rotating stall [5] is also briefly reviewed, which will then be
used in the sequel.

Conceptually, a compression system majorly comprises
inlet duct, compressor, exit duct, plenum, and throttle as
depicted in Fig. 1. In 1986, Moore and Greitzer [2] extended
their previous study of [1] to propose a third-order differential
equation model for describing the nonlinear behavior of surge
and rotating stall phenomena appearing in axial flow
compressor dynamics. By adopting the notations of [5], the
proposed model in [2] can then be represented as

dA  a (2 . . .

Ez_jo Cys (M +WA sind) sin 6 do, 1)
dme 1 (2n ; .

e [, Casliine +WAssin 6) do, )
dAP 1

——= =~ {m. —F(7,AP)}, 3
g agZ e ~F(rAPY} (3)

where the system variables in Egs. (1)-(3) can be referred to
the notations defined above. It is known (e.g., [3]) that the
inverse function of nondimensional throttle pressure rise is
usually taken as

F(7,AP) = y(AP)2. @)
Besides, the axisymmetric compressor characteristic
Cs() characterizes the steady pressure rise across the

compressor and is often known to be an S-shaped function
(e.g., [2]-[3]). An example is depicted in Fig. 2.

Suppose Cg() is a smooth function. The equilibrium
points of system (1)-(3) can then be solved as follows. It is

observed from Eq. (1) that A=0 results in d%t =0. Let

x® =(0,m2,AP®) denote an equilibrium point for the
system (1)-(3). By letting the time derivatives in (2)-(3) be
zero, we then have AP® =C (m2) and m2 = F(3°, AP?) for
A=0with a given y=7/°. That means system equilibrium

of the un-stalled operation (i.e., A=0) will be at the
intersection point of the throttle line and the compressor
characteristic. Note that, the compression system (1)-(3) may
have stalled equilibrium (i.e., A=0). To adopt the results
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from [5] as shown in Fig. 2, the throttle line intersects the
compressor characteristic at a unique point when the throttle
is widely open (i.e., ¥ is large). In addition, the equilibrium
mass flow is found to be decreased while the value of y is
getting smaller. As shown in Fig. 2, solid line stands for
stable system equilibria while dot-line stands for unstable
ones. Both of local stability criteria and conditions for the
existence of rotating stall (i.e., A= 0) was obtained in [5] as

recalled in the next two lemmas.
Lemma 1. Suppose Cq() is a smooth function and F is a

strictly increasing function in each of its two variables. The
equilibrium point x° of system (1)-(3) will be asymptotically
(resp.  unstable) if CL(M2(»))<0 (resp.
C5(me (7)) > 0).

Lemma 2. Suppose Cq() is a smooth function and F is a

strictly increasing function in each of its two variables. Then
the system (1)-(3) will exhibit a pitchfork stationary
bifurcation at the equilibrium point x° with respect to small
variation of y if C (M2 (7)) =0and C (M2 ()) #0.

It is noted that the condition of determining the
characteristic of the bifurcated solutions had been obtained in
[5]. A quadratic feedback control law was also proposed to
avoid the jumping behavior, which is caused by the
occurrence of subcritical pitchfork stationary bifurcation, in
compressor dynamics.

stable

I1l. CONSTRUCTION OF LYAPUNOV FUNCTIONS

It is known that there are two types of unstable phenomena
might occur while the compressor operates near its maximum
achievable pressure rise. A moderate disturbance can result in
system instability so that the axial flow compression system
might either experience a large amplitude oscillation
corresponding to the so-called “surge” or jump into a very
inefficient operation at constant mass flux and low pressure
rise corresponding to the so-called “stall.” In our previous
study [5] as recalled in Section Il, we had presented the study
of the three-dimensional stall behaviour in axial flow
compressors by using Moore-Greitzer’s model [2]. However,
no results regarding the domain of attraction for the
corresponding equilibrium has been discussed. In this paper,
we extend those results to focus on the study of the
two-dimensional behavior in compressor dynamics by using
the same model as presented in Egs. (1)-(3) without
considering the dynamics of stall wave. Instead of numerical
approach used in [16]-[17], in the following we consider
another scheme by the construction of Lyapunov functions
for determining the local stability of system equilibrium and
the estimating the corresponding domain of attraction.

It is observed from Eq. (1) that A=0is an invariant
manifold for system (1)-(3). Thus, Eqgs. (1)-(3) can then be
reduced as a two-dimensional system for the study of
non-stall behaviour as given below (with A=0):

e ¢ (ne)-4P, ©)
dAP 1 .
o E{mc —-F(7,AP)}. (6)

Now, we consider the local stability of system (5)-(6).
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0 .0 0 T - - -
Denote x =(mC,AP ) an equilibrium point of system

(5)-(6) for given 7/:;/0. It is clear to have
AP? =C(m2) and ™2 =F(°,AP%). Let x=(x,%)"
with x, =m, —m® and x, = AP — AP’

Then we have the deviation model at the equilibrium x°as

% = C (M2 + %) — (AP + ) )
i = 27 M+ )= F G 4P+ )}, ®)

First, we recall the Lyapunov stability criterion from (e.g.,
[19]) as discussed below.
Let x =0 be an equilibrium point for the system given by

x= f(x), for xeR". 9)
Then we have the next stability result for system (9) as

recalled in the next lemma.
Lemma 3. The equilibrium point x =0 for system (9) is

asymptotically stable if there exists a local region D < R"
containing x=0 and a continuous differentiable function
V (x) such that the two conditions hold: (i) V(x) is a locally
positive definite function, i.e., V(0)=0and V(x)>0, for
all xe D with x=0; and (ii)V(x) = VV(x)-x<0, ¥V xe D
with x=0. Moreover, the local region D denotes the
so-called “domain of attraction” (DoA).

To facilitate the derivations, we make the following
hypotheses.
Hypothesis 1. Suppose C,(mM:) and F(y,AP) are smooth

functions and satisfy the following assumptions: (i) There
exists a continuous region S; < R such that C (x) <0 for

all xeS;; and (ii) For a given #°, there exists a continuous

region S, < R such that F’(;/O, y)>0 for all yeS,. Here,

F’(;/O,y) denotes the first derivative of function F with

respect to y.
Hypothesis 2. Suppose C(mM:) and F(y,AP) are smooth

functions and satisfy the following assumptions: (i) For a
given mg there exists a continuous region S; < R containing
m, such that {Cq (M +177) —Cy (M2)}-7 <0 for all 7 with
(2 +7) €S;; and (ii) For giveny®and AP?, there exists a
continuous region S, R containing AP such that
ARG AP+ ) —F(°,AP%)}>0 for all ¢ with
(AP® +¢) €S,

Note that, the notation R in the above two hypotheses

denotes the set of real number.
Choose a Lyapunov function candidate as given by
V(xl,xz):%(xf+482x§ . (10)
It is clear from (e.g., [19]) that V (xy, X, ) is a positive definite

function for all (x,X,)eR?. We then have the time
derivative of the function V as follows:
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=X '{Css(xl + mg) _Css (mg)}
—x, {F (7%, AP® + %,) = F(#°,AP%)}.

By using Taylor series expansion, we can have the next
stability result.

Lemma 4. The equilibrium point x° of system (5)-(6) is
asymptotically stable if C(m2)<0 and F'(°,AP?) <0.

Proof:
By Taylor series expansion, we have

Cas (4 +ME) = Cig (Me)+Cos (), (12)
and F(°, AP® + x,) = F (3%, AP%) + F'(°, AP®) x, (13)
for all (x,%)eQ(x%). Here, Q(x°) denotes a local

(11)

neighborhood of the equilibrium point x°.
EQg. (11) can then be rewritten as

V(% %p) = Cg (MO)X; —F'(7°, AP%)x3 (14)

It is clear that V(xl,x2)<0 for all (x4, x,) eQ(x%) with
(X1, X%5) = (0,0). The result of the lemma can then be implied
by Lyapunov stability criteria recalled in Lemma 3. ]

Remark 1. The result obtained in Lemma 4 agrees with that
in [10] by using system eigenvalues approach.

Note that, the domain of attraction (DoA) Q(x°) in

general is not easy to obtain from Lemma 4. In the following,
we will propose two different approaches for the estimation
of DoA. Detains are given below.

Next, we recall the so-called “mean value theorem (MVT)”
(e.g., [20]) as given below, which will be used to estimate the
region of the DoA.

Lemma 5. Suppose a real valued function f(x) is
I @[x, X, ] R with

X, # X,. Then there exists a point 77 €[x;, X,] such that
FOq) = T06) = 1'(m)- (4 —X,)-

differentiable on an interval

(15)

Suppose Hypothesis 1 holds. Then from Lemma 5 we have
Ces (% +)=Cyg (M) +C'(ME + 1% )% (16)
and
F(% AP +%,)=F (3%, AP%) + F'(;°, AP® +,%,)x,  (17)
for some p;, p, €[0, 1.
Now, we can rewrite Eq. (11) as
\'8(')(11 X,) = Cl (M + o)X —F'(7°, AP +p,%,)x5 <0 (18)
forall x, €S,and x, €S,.

The result given below is readily implied from Lemma 3.
Theorem 1. Suppose Hypothesis 1 holds. The equilibrium

point x° of system (5)-(6) is then asymptotically stable with
the DoA Q, (x°) defined by
Q,(x°) @{(x. %) |V (X, X,) <C; with (& +x,) €S,

and (AP%+x,)eS,}, (19)
where V (xq, X,) = C, denotes the level curve of largest value

C, on the region S, US, with x°as the reference point.
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Remark 2. The result given in Lemma 4 can be induced from
that of Theorem 1.

Next, we consider the case of which Hypothesis 2 holds.
By the assumptions of Hypothesis 2, it is clear from Eq. (11)
to have

V&, %,) <0
forall x € Szand X, €S,.

We then have the next result from Lemma 3.
Theorem 2. Suppose Hypothesis 2 holds. Then the

equilibrium point x° of system (5)-(6) is asymptotically stable
with the DoA Q,(x°) defined by
Q,(x°) @{(%1, %) IV (%, %,) < C; with (1 +x,) €S,

and (AP° +x,) €S,}, (21)
where V (X, X,) = C, denotes the level curve of largest value

(20)

C, on the region S;US, with x° as the reference point.

Remark 3. The result given in Lemma 4 can also be induced
from that of Theorem 2.
Suppose Cq() is a smooth function and F is a strictly

increasing function in each of its two variables. We then have
the next global stability result from Theorem 2.
Corollary 1. Suppose C() is a smooth function and F is a

strictly increasing function in each of its two variables. The
equilibrium point x® of system (5)-(6) will be globally
asymptotically stable if condition (i) of Hypothesis 2 holds
forS;=R.

IV. NUMERICAL EXAMPLES

In the following, we will adopt two axisymmetric
compressor characteristics to demonstrate the usage of the
results proposed in Theorems 1 and 2. One is the cubic model
from [5] as shown in Fig. 2 with the definition given in (22)
below, and the other is from [16] as depicted in Fig. 3.

Cy (Me) =1.56 +1.5(h —1) —0.5(m —1)°. (22)

As discussed in Section I, the Moore and Greitzer’s model
[1] is majorly employed to describe the three-dimensional
dynamics of rotating stall. As recalled in Lemma 1, the linear
stability of the axisymmetric equilibrium is stable if

CL(m2(7)) <0. The result obtained in Lemma 4 above for

the two-dimensional model agrees with that in Lemma 1
recalled from [5]. As stated in Remarks 2 and 3, the local
stability conditions given in Lemma 4 can also be induced
from either Theorem 1 or Theorem 2. The key difference
among those two results is the estimation of the domain of
attraction DoA for the given system equilibrium. From
nonlinear system point of view, the domain of attraction for
stable system equilibrium may vary as the value of system
parameters y and B changes. When the domain of attraction

becomes finite, shrinks and disappears, emergences of
multi-equilibria and/or limit-cycle type of oscillations may
occur as presented in [5]. In the following, the numerical
analysis tool Matlab is employed to unveil the domain of
attraction DoA for the given system equilibrium with respect
to the variation of system parameters y and B.
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In the following, the inverse function of nondimensional
throttle pressure rise F(y,AP)is taken from Eq. (4) for

numerical study. It is clear to see that the function
F(y,AP) is strictly increasing function for all

AP >0 and »>0. That means the condition (ii) of Hypothesis
1 or Hypothesis 2 is satisfied with S, =S, 0 {X| x > 0}.

Now, we focus on the feasibility study of the two
axisymmetric compressor characteristics. First, we consider
the case of which the axisymmetric compressor characteristic
Cg () is defined in Eq. (22). It is observed from Fig. 2 that we

have the peak value AR, =256 of Cy() at m = 2.0 for
7=1.25. Besides, it is also found that Ci(x)<0 for all
XG81D{x|x>ch}. This implies that condition (i) of
Hypothesis 1 holds.

For checking the condition (i) of Hypothesis 2, let
x0 = (mg AP")T be an equilibrium point of system (4)-(5). It
is observed from Fig. 2 that we have condition (i) of
Hypothesis 2 holds for all 7 with (M2 +7) e S; where

Sy U {x|x>mE, withmb <m? and C (M) = AP°}. (23)

Thus, the results given in Theorems 1 and 2 can then be
applied to the compression system (5)-(6) with the cubic

model of (22) for the estimation of the DoA. It is known from
Lemma 4 and Fig. 2 that the local stability of system

equilibrium x° can be guaranteed while it lies on the pre-stall
region for 1.25 <y <1.463 or the un-stalled normal region for
y>1.463. In the following, we choose four cases for

numerical study of which »°=14, 1.463 1.6 and 5,

respectively, with B = 0.5. Details are discussed below.

To facilitate the demonstration of numerical results, in the
following simulations we use the green curve and the orange
curve to represent the boundary of the estimated DoA
Q,(x") and Q,(x°) defined in Theorem 1 and Theorem 2,
respectively. In addition, the pink dot-dashed line denotes the
time response for the third-order system (3)-(5) with initial
A=0.5, while the blue dot-dashed line denotes the time
response for the two-dimensional system (7)-(8) with initial
A=0, respectively. Besides, x(0) denotes the initial value.

For the case of which ;/0 =1.4,we have the equilibrium

point x° =(2.21,2.4899) and m: =1.7752. Time responses
for both of three-dimensional system (1)-(3) and two-
dimensional model (5)-(6) with three different initials are
shown in Fig. 4. It is observed from Figs. 4(a) and 4(b) that
the state trajectories will go to the system equilibrium x°as
predicted by Theorems 1 and 2 for both of three-dimensional
system (1)-(3) and two-dimensional model (5)-(6) with
A=0.5and A=0, respectively. Besides, the time response
with the initial outside the estimated DoA might also
approach the equilibrium point x° as depicted in Fig. 4(c). It
is due to the fact that the estimated DoA from given
Lyapunov function only contains the sufficient region.
Similar scenarios are shown in Figs. 5 and 6 with
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x° = (2.28,2.43), m-=1.69 for »°=1463 and

x0=(2.411,2.271), - =152 for y° =1.6, respectively.
It is interesting to note that we have semi-globally
asymptotical stability instead of globally asymptotical
stability for the equilibrium point x° with large value of
»°, say »°=5. Time responses given in Fig. 7 do
demonstrate the result predicted in Corollary 1. The reason
for semi-global stability instead of global stability is that
condition (i) of Hypothesis 2 holds for all 0 <m, < mc0 and F
is a strictly increasing function for AP > 0only.

Next, we consider the case of which the axisymmetric
compressor characteristic Cg(-) is defined in Fig. 3. As
observed from Fig. 3, we have the peak value AR, =1.252 of
Ci()at m® =0.4648for »=0.4154. In addition, it is found
that Ci(x) <0 for all xeS O{x|x> mf} which implies

that condition (i) of Hypothesis 1 holds.
Similarly, from Fig. 3 that we have condition (i) of

Hypothesis 2 holds for all 7 with (m2+7)eS; where
S, defined in Eq. (23) above. Thus, the results given in
Theorems 1 and 2 can also be applied to the compression
system (5)-(6) with the compressor model depicted in Fig. 3
for the estimation of the DoA.

In the following, four cases are selected for numerical

study of which 70 =0.43, 0.4421, 0.45and 1, respectively.

In the first three cases we choose B =0.4and the last one
with B =0.2. For simplicity and without loss of generality,
in this case we only consider the numerical simulations for
the second-order model. Details are discussed below.
Similar scenarios as those for the first case study of cubic
characteristic can also be found in Figs. 8-11. Here, we have

x°=(048,1.24) and m:=0457 for »°=0.43 and
m-=0455 for »°=0442, x°=(0.4989,1.2291) and

mé‘ =0.4547 for 70 =0.45, respectively. In addition, we
have semi-globally asymptotical stability for
x° =(0.8785,0.772) with »°=1 as depicted in Fig. 11.
Note that, it is observed in Figs. 8(d) and 8(e) that the timing
trajectories might either go to a surge behavior or approach
another system equilibrium with different initial conditions.
Those two phenomena are attributed to the occurrence of
multi-equilibrium in the pre-stall region.

V. CONCLUSIONS

In this study, we have proposed a class of Lyapunov
function for deriving the local stability of the
two-dimensional axial flow compressor dynamics. The result
agrees with the one in [10]. In addition, the domain of
attraction for the stable system equilibrium is also estimated
in terms of the system characteristic. Numerical results have
demonstrated the usage of the proposed schemes, which
might give a guide for the determination of the so-called
““surge line" in the practical applications.
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A Lyapunov Function for the Dynamical Study of Axial Flow Compressor Dynamics

Fig. 1. Schematic diagram of compression system

Cubic Axial Flow Compress or Mode|

¥e = 125~

] 05 1 15 2 25
M,

Fig. 2. A cubic axial flow compressor model defined in Eq. (22)
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Fig. 3. The axial flow compressor model proposed in []
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Fig. 4. Time response of AP vs. rhc in the pre-stall zone for 70 =14:

(@) x(0)=(2.4,2.5); (b) x(0)=(1.9,2.5); and (c) x(0)=(1.9,1.5).
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Fig. 5. Time response of AP vs. r’nc in the pre-stall zone for 70 =1.463:
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(@) x(0)=(25,2.5); (b) x(0) =(1.8,2.5); and (c) x(0)=(L81.4).
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(b)

Fig. 6. Time response of AP vs. M in the normal un-stalled zone for

}/o =1.6:(a) x(0)=(2.75,2.3); (b) x(0)=(1.7,2.3); and (c)

x(0) = (1.7,1.5).

B=05,7=5

Fig. 7. Time response of AP vs. rhC in the normal un-stalled

zone for yo =5: with initial x(0)=(0.5,2.5).
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(© @) Fig. 11. Time response of AP vs. rhc in the normal un-stalled zone

for 9 =1: with initial x(0) =(0.1,1.8).

AP

Fig. 8. Time response of AP vs. M in the pre-stall zone for 70 =0.43: (a)
x(0) =(0.49,1.24); (b) x(0) =(0.462,1.25); and (c) x(0)=(0.462,1.2);
(d) x(0)=(0.462,0.9); and (e) x(0)=(0.412,0.85).
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Fig. 9. Time response of AP vs. mc in the pre-stall zone for 70 =0.4421:
(@) x(0)=(0.51,1.24); (b) x(0)=(0.462,1.24);and (c) x(0)=(0.462,1.17).
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Fig. 10. Time response of AP vs. r‘hc in the normal un-stalled zone

for 70 =0.45:(a) x(0)=(0.52,1.24); (b) x(0)=(0.462,1.24); and (c)
x(0) =(0.462,1.17).
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