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Relativistic Interpretation of Newton’s Law of
Universal Gravitation and Transition to Quantum
Mechanics

Nediljko Perkovi¢, Marko Stoji¢

Abstract— In this paper it is shown a relativistic approach to
describe body motion in a static gravitational field. Its
description has been conducted for both inertial observer, and
non-inertial observer. In this way, equations that determine
apsidal precession in binary mass system and deflection of light
in a gravitational field have been obtained. Furthermore,
exponential metric has been derived from the use of Lagrange
formalism to show its application in solving Dirac equation.

Index Terms— Relativistic Interpretation, Universal
Gravitation.

I. INTRODUCTION
In classical mechanics, gravitational interaction is

determined by Newton’s law of universal gravitation that
includes body mass as a fundamental property of matter; a
body mass is a constant quantity and does not depend on its
velocity. In relativistic mechanics, a body mass is not a
constant quantity; it depends on its velocity in relation to an
observer’s system [1,2]. The relativistic description of
gravitational interaction leads to the introduction of
relativistic (effective) mass in Newton’s law of universal
gravitation [3]. By using this approach, possible implications
of body motion in a static gravitational field will be
considered.

Relativistic description of body movement in a static
gravitational field

We will conduct relativistic description of body motion of
mass m in a static gravitational field of mass source M,

where M >> m, by using Einstein’s relations from both
general and special theory of relativity. For example, a body
of mass m is in a static gravitational field of the source M
whose strength is given by the following equation:

- RC2 -
r (1

GM . o .
where R = s the gravitational radius. When a body

of mass my is moving at speed v, it occurs a relativistic

change of mass what is given by the following source:
mo

=— (2)
m
()

According to the relation we can consider the mass m as
an effective body mass in a gravitational field that we will use
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in Newton’s law of universal gravitation

d Rc?
F=-=
I7|

-

ou
r=---0)

where 7 = 7, |7|, U(r) - gravitional potential energy

Using Newton’s law (3), body motion of mass m in a static
gravitational field of the source mass M, will be considered.
Description of the motion will be obtained from inertial
system S and non-inertial system S’ (Figure 1) [3].
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Figure 1

Since Reiman space is locally Euclidean, for an observer from the system S, the infinitesimal environment of the body mass
m is Euclidean space.

The corresponding coordinate system is Minkowski’s four-dimensional system with its components (x*=1%3,x0 = ¢T)
and basis vector Tk for what the following applies:

1 k=1=123
1 k=1=0
0 k=l @

-

g "l = Uy =

Four-vector dS in Minkowski’s space is dS = T}, dx* k =0,1,2,3.
The square of the arc element in this space will be:
—ds? = p,dx*dx! (5)
Changing ili switching to polar coordinate system, the equation (5) becomes
—ds? = d|F|* + |P|2de? — c2dT2(6)

s
where 8 = 5= const.

The work of force l?' in a gravitational field is equal to the change of gravitational potential energy
=12 R 2 -
dU = —Fd?# = —=d|#| ()

I |2

It is known that
dE, = —dU = c*dm (8)
from the equations (7) and (8) differential equation that shows the change of body mass in a gravitational field follows, i.e.
, dm R
ERGE
By integrating the equation we get the body mass in a gravitational field
R

m = myel(10)

¥
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d|7|, R = const. (9)
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where m = My, when |7| - oo.

If the mass from the equation (10) is introduced in the equation (7) a gravitational potential energy in the following form is
obtained

U@ = —mc?(1— e R/ (11)

while the total energy is

Er = E, + U = mc2e R/l (12)

Starting from equation (10) and using the expression for the equivalence of sluggish and heavy mass will be:
m = me el = 20 (13)

2
v
1—;2'

Multiplying by c?and squaring equation (13) we get:
m e2R/Flct = ;2 e2R/IFly2c2 4 2t

in fact, after a short edit, we get the expression for free energy in the form:

E = /p%c? + mie* (14)
E = my,eRr/IFlc2 = mc? (15)
5 = m,eR/lFly = my

In inertial system S the Second Law of Motion
p—dr
F = o (16)

where
, dr L odx®
p=md—;=mladLT=lap“;a=1,2,3 17

From the equation we have

d R d|F
dm "ln (18)

dr |72 dT

Using expressions (17) and the equation becomes
R d|7|? d?|#
7+ mE (19)

F = —m R A
Mz ar? dT?

. . . . > 1 s .
By connecting the relations (19) and (3) with the replacement of variables |7°| = zwe get a relativistic equation of body

motion in Minkowski’s space
p+p=pt+R(*+p*) (20
where

— RcZm mo
pl=—"m=

" 1- Dot
m*ec

Non-inertial observer of system S~ (Einstein’s lift) assumes that every dot in a system S’ has its corresponding dot in a
non-inertial system S, i.e., bijection between coordinates of both systems

x* = xk(q") (22)
where (q*=123
Four-vector shift is

(21)

, qo = ct) are Gauss’ coordinates.

k
=2 @ k _ -» dx |l _ = 1
ds =, dx" = ‘ka_qqu = e dq" (23)
where
- -»> 6xk
e =1, — (24
L= e (24)
is basis of Gauss coordinate system.
For basis vectors in Gauss’ coordinate system relations these are valid:

€€ = ik
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e é_k = 6lk (25)

— sk
e = gieé
The square of the element of shift will be:

—ds® = pydx*dx' = gy dq'dq” (26)

Using the similarity of triangles in system S (dl?l,d(pg, CdT) and system S’ (dr, de, cdt), (Figure 1) by

transformation into a polar coordinate system, we write the equation (26) in the form
—ds? = g;1dr? + gy d@? + gooc?dt? (27)

where

2
Joo = — (Z_:)
911 = (aalfl)z (28)
922 =17 |2 (aq)g)

Metric tensor gy, is diagonal and its components are determined by using variational principle, i.e.

d a
dS = Ldt = (pa - )dt = p,dq% + podq® (29)

Four impulse p = (p*=123,p%) is

k k
k _ dq* _ dq _
p* = myc— = myc — —( —g90, mc\/—goo)
V—900dq J1+gal3—z—z—q g0

ds
Since the Hamiltonian is equal to total energy according to the expression we get

E _
Po = —— = —mce RIT = goop® = goomey—g® = V—Zoome (30)

From the equation is obtained
Joo = —e2R/" (31

Component of the metric tensor will be

From [6](8,2,6) > g11 = —g% = e?f/r

From [3](16) = g, = 12gyy = r2e*/" (32)

g3 = r2sin®9e?R/

This way we have gotten a diagonal metric tensor of exponential metric [7]

e2R/T 0 0 0
0 r2e2R/r 0 0
ik =\ o 0 r2sin29e2R/T 0 (33)
O 0 0 _e—ZR/T
Component of force in basis €, is:
= - - dﬁ dpa
Fa:F 'ea:eaﬁz(dt clt/u th)_(34)

We have I, Christoffel’s symbols.

Covariant component of force [3] is:
mR c?

F1 = - 2 (35)
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Rc’m

> Rc?m d|7| |72
Sl = -t dr = 9 = g = @)

r2 r

Fd7¥ = inv = —

If we equate the force from equation (34) with the force from Newton’s law (3) we obtain the equation of motion of a body in
R
a non-inertial system [4] withm = myer

Relativistic equation of body motion in Gauss space
p+p=pt+4Rpp~' +R(p*+p *) (@7

.. d
wherelspzﬁ

The solution of equation (37) is for the Earth-bound observer from (32) [4] p(¢) = p~1(1 + ecos(1 — 3Rp™1)¢p) +

%Rp_zecosq) which gives the perihelion displacement A = 6Rp_17'[ = 42" at 100 years as opposed to equation (17)

[4] for the Sun observer, which gives three times smaller the perihelion displacement. The deflection of light is the same for
both observers A = 1.75".

Il. APPLICATION OF EXPONENTIAL METRICS IN QUANTUM MECHANICS

The relativistic approach to describing the motion of a body in a gravitational field has led us to exponential metrics, as natural
metrics, which are inherent in gravitational interactions. In the continuation of this paper we will show the application of this
metric in the field of quantum mechanics in solving Dirac equation. Starting from the total energy according to equation (12)
and using the relativistic relations between the energy and momentum of the particle of the Hamiltonian system, we write in the
form:

—R —R
H=mc’e7 =e7 cy/g*pp + m2c2  k,1=1,23 (398
is g”‘ exponential metric tensor per relation (33)
In Dirac approach, the Hamiltonian is linearly dependent on the momentum particle so equation (38) written in the form:

—R
H=e7 (ca p+pmc?) (39)
where is @ and 8 matrices while p is the vector momentum of a particle of mass m.

Comparing the equations (38) and (39) we get the relation between the matrices @ and 3 and their connection with the
impulse and the metric tensor, ie.

{a, a} = 2g% - 16
{a1, B} =0 (40)
[pl; ak] =0

af =f* =1

a;(r) = 2y/g*al,

where ac}y Dirac matrice, while &y is Kronecker’s symbol.
The effect of Hamiltonians (39) on the wave function psi will be shown by equation [5], respectively.

The action of the Hamiltonians (39) on real functiona ¥

—R
HY = e c(ap + fmc)¥Y = E¥P(41)

we show by equation [5]

where
—-R

> E —
a-p¥ = (;e r — fmc)¥(42)
In (39) an expression should be formulated @ - 7 Starting with (& - 7)(& - B) = 7 - B + i& - L where & Pauli matrix
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and L is angular moment.
Radius, shift and momentum is:

F=8,t(@h) dr=8,dq" 5 S5 LN = 8y p = Eep”

For centrally symmetric potential is t3 = 1,“2 = 0 we get

@-p) = ﬁ(—th1t1+l(h+V L)) (43)

@) =%

Vi=6 + [" - covariant derivation
Solutions of equation are sought in the form:

=; (fG 1; )‘44)

F and G - radial component of ¥y +andyY _ -angle component of ¥

1 0
(h+6 -Z)w:-(1+§)ﬁtp;ﬁ=(o —1)

After correction (37) it becomeS'

: iG iG 2R 2R

ihV, - (F ) — h—(_F) = (—e r —fermgyc) ( )(46)
VG and V{ F are covariant derivations:

V.G = VW2 =224 TG

ViF = V9! =2+ T F

IBF=2(1-2);mh =-5~0

-1
—h (Z—f—% ) = (?reZR/r¥moc)F(47)
— E 2R
h 5T i F =(ZreZR/T7moc)G

We develop the right side in a row, ignoring the members with a power of r greater than 1.
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I+1
a(Z—f+%F> = <m0 +E +%R(m0 + 2E))G (48)

aR
a|l ———— = mo—E+7(m0—2E) F

We are looking for a solution in the form:
F(p) = p*e™ Yn<n' anp™ (49)

G(p) =p°e™ Ln<n' byp"
regularinp = 0and p =

Comparing by coefficients n = n', n=mn — 1andwith p‘1 we get:
al = moz — E2

1 2
R?(my% — 4E?%) — (s +5) +12=0 (50)

;1
Rz(m02—2E2)+a(s+n +§)=0

With elimination s we get the bicubic equation with the variable
1
a’?=my?—E*B=s+ S (1)

We get from [7]

4Rn'a® + (my?R% + J? — n)a? + 2n'my?Ra + my*R?> = 0
(52)

2n'B3 + (Mp?R? +J% + n'?) + 2n'(Bmy?R? — J)B + n'?(Bmy? — J*)B — (my?R%? — ]*)? =0
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