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 

Abstract— In this paper it is shown a relativistic approach to 

describe body motion in a static gravitational field. Its 

description has been conducted for both inertial observer, and 

non-inertial observer. In this way, equations that determine 

apsidal precession in binary mass system and deflection of light 

in a gravitational field have been obtained. Furthermore, 

exponential metric has been derived from the use of Lagrange 

formalism to show its application in solving Dirac equation. 

Index Terms— Relativistic Interpretation, Universal 

Gravitation.  

 

I. INTRODUCTION 

  In classical mechanics, gravitational interaction is 

determined by Newton’s law of universal gravitation that 

includes body mass as a fundamental property of matter; a 

body mass is a constant quantity and does not depend on its 

velocity. In relativistic mechanics, a body mass is not a 

constant quantity; it depends on its velocity in relation to an 

observer’s system [1,2]. The relativistic description of 

gravitational interaction leads to the introduction of 

relativistic (effective) mass in Newton’s law of universal 

gravitation [3]. By using this approach, possible implications 

of body motion in a static gravitational field will be 

considered. 

 

Relativistic description of body movement in a static 

gravitational field 

 

 We will conduct relativistic description of body motion of 

mass 𝑚  in a static gravitational field of mass source M, 

where M >>  m, by using Einstein’s relations from both 

general and special theory of relativity. For example, a body 

of mass m is in a static gravitational field of the source M 

whose strength is given by the following equation:  

 𝑔 =   −
𝑅𝑐2

|𝑟 |3 𝑟  (1) 

 where 𝑅 =
𝐺𝑀

𝑐2  is the gravitational radius.  When a body 

of mass 𝑚0  is moving at speed 𝑣𝑚  it occurs a relativistic 

change of mass what is given by the following source:  

 𝑚 =
𝑚0

 1− 
𝑣𝑚
𝑐
 

2
 (2) 

 According to the relation we can consider the mass m as 

an effective body mass in a gravitational field that we will use 
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in Newton’s law of universal gravitation  

 𝐹 = −
𝑅𝑐2

|𝑟 |3 𝑚𝑟 = −
𝜕𝑈

𝜕𝑟 
 (3) 

 where 𝑟 = 𝑟 0 𝑟  , 𝑈(𝑟) - gravitional potential energy  

 

 Using Newton’s law (3), body motion of mass m in a static 

gravitational field of the source mass M, will be considered. 

Description of the motion will be obtained from inertial 

system S and non-inertial system S’ (Figure 1) [3].  
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Figure  1 

 

 Since Reiman space is locally Euclidean, for an observer from the system S, the infinitesimal environment of the body mass 

𝑚 is Euclidean space. 

 The corresponding coordinate system is Minkowski’s four-dimensional system with its components (𝑥𝛼=1,2,3 , 𝑥0 = 𝑐𝑇) 

and basis vector 𝑖 𝑘  for what the following applies: 

 

 𝑖 𝑘 ⋅ 𝑖 𝑙 = 𝜇𝑘𝑙 =  

1 𝑘 = 𝑙 = 1,2,3
−1 𝑘 = 𝑙 = 0
0 𝑘 ≠ 𝑙

  (4) 

  Four-vector d𝑠  in Minkowski’s space is 𝑑𝑠 = 𝑖 𝑘𝑑𝑥
𝑘 , 𝑘 = 0,1,2,3. 

 The square of the arc element in this space will be:  

 −𝑑𝑠2 = 𝜇𝑘𝑙𝑑𝑥
𝑘𝑑𝑥𝑙  (5) 

 Changing ili switching to polar coordinate system, the equation (5) becomes  

 −𝑑𝑠2 = 𝑑|𝑟 |2 + |𝑟 |2𝑑𝜑2 − 𝑐2𝑑𝑇2 (6) 

 where 𝜃 =
𝜋

2
= 𝑐𝑜𝑛𝑠𝑡. 

 

 The work of force 𝐹  in a gravitational field is equal to the change of gravitational potential energy  

 𝑑𝑈 = −𝐹 𝑑𝑟 =
𝑅𝑐2𝑚

|𝑟 |2 𝑑|𝑟 | (7) 

 

 It is known that  

 𝑑𝐸𝑘 = −𝑑𝑈 = 𝑐2𝑑𝑚 (8) 

 from the equations (7) and (8) differential equation that shows the change of body mass in a gravitational field follows, i.e. 

,  

 
𝑑𝑚

𝑚
= −

𝑅

|𝑟 |2 𝑑|𝑟 |, 𝑅 = 𝑐𝑜𝑛𝑠𝑡. (9) 

 By integrating the equation we get the body mass in a gravitational field  

 𝑚 = 𝑚∞𝑒
𝑅

|𝑟   | (10) 



                                                                        International Journal of New Technology and Research (IJNTR) 

                                                                                  ISSN: 2454-4116, Volume-7, Issue-7, July 2021 Pages 66-72 

                                                                                      68                                                                                 www.ijntr.org 

 where 𝑚 = 𝑚∞when |𝑟 | → ∞.  

 

 If the mass from the equation (10) is introduced in the equation (7) a gravitational potential energy in the following form is 

obtained  

 𝑈(𝑟 ) = −𝑚𝑐2 1 − 𝑒−𝑅/|𝑟 |  (11) 

 while the total energy is  

 𝐸𝑇 = 𝐸𝑘 + 𝑈 = 𝑚𝑐2𝑒−𝑅/|𝑟 | (12) 

 Starting from equation (10) and using the expression for the equivalence of sluggish and heavy mass will be:  

 𝑚 = 𝑚∞𝑒
𝑅/ 𝑟  =

𝑚0

 1−
𝑣2

𝑐2

 (13) 

 

Multiplying by 𝑐2and squaring equation (13) we get:  

 𝑚∞
2 𝑒2𝑅/ 𝑟  𝑐4 = 𝑚∞

2 𝑒2𝑅/ 𝑟  𝑣2𝑐2 +𝑚0
2𝑐4 

in fact, after a short edit, we get the expression for free energy in the form:  

 𝐸 =  𝑝 2𝑐2 +𝑚0
2𝑒4 (14) 

 

 

 𝐸 = 𝑚∞𝑒
𝑅/ 𝑟  𝑐2 = 𝑚𝑐2 (15) 

 

 𝑝 = 𝑚∞𝑒
𝑅/ 𝑟  𝑣 = 𝑚𝑣 

In inertial system S the Second Law of Motion  

 𝐹 =
𝑑𝑝 

𝑑𝑇
 (16) 

 where 

 

 𝑝 = 𝑚
𝑑𝑟 

𝑑𝑇
= 𝑚𝑖 𝛼

𝑑𝑥𝛼

𝑑𝑇
= 𝑖 𝛼𝑝

𝛼 ; 𝛼 = 1,2,3 (17) 

 

 From the equation we have  

 
𝑑𝑚

𝑑𝑇
= −

𝑅

|𝑟 |2

𝑑|𝑟 |

𝑑𝑇
𝑚 (18) 

 

Using expressions (17) and the equation becomes  

 𝐹 = −𝑚
𝑅

|𝑟 |2

𝑑|𝑟 |2

𝑑𝑇2 +𝑚
𝑑2|𝑟 |

𝑑𝑇2  (19) 

 By connecting the relations (19) and (3) with the replacement of variables  𝑟  =
1

𝜌
 we get a relativistic equation of body 

motion in Minkowski’s space  

 𝜌 + 𝜌 = 𝑝−1 + 𝑅 𝜌2 + 𝜌 2  (20) 

 where  

 𝑝−1 =
𝑅𝑐2𝑚0

2

𝑝𝜑
2 , 𝑚 =

𝑚0

 1−  
𝑝𝜑

2

𝑚2𝑐2 𝜌
2+𝜌 2 

 (21) 

 Non-inertial observer of system S’ (Einstein’s lift) assumes that every dot in a system S’ has its corresponding dot in a 

non-inertial system S, i.e., bijection between coordinates of both systems  

 𝑥𝑘 = 𝑥𝑘 𝑞𝑙  (22) 

 where  𝑞𝛼=1,2,3, 𝑞0 = 𝑐𝑡  are Gauss’ coordinates. 

 Four-vector shift is  

 𝑑𝑠 = 𝑖 𝑘𝑑𝑥
𝑘 = 𝑖 𝑘

𝜕𝑥𝑘

𝜕𝑞 𝑙
𝑑𝑞𝑙 = 𝑒 𝑙𝑑𝑞

𝑙  (23) 

 where  

 𝑒 𝑙 = 𝑖 𝑘
𝜕𝑥𝑘

𝜕𝑞 𝑙
 (24) 

 is basis of Gauss coordinate system. 

 For basis vectors in Gauss’ coordinate system relations these are valid:  

 𝑒 𝑙 ⋅ 𝑒 𝑘 = 𝑔𝑙𝑘 ; 
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 𝑒 𝑙 ⋅ 𝑒 
𝑘 = 𝛿𝑙𝑘  (25) 

 

 𝑒 𝑙 = 𝑔𝑙𝑘𝑒 
𝑘  

The square of the element of shift will be:  

 −𝑑𝑠2 = 𝜇𝑘𝑙𝑑𝑥
𝑘𝑑𝑥𝑙 = 𝑔𝑙𝑘𝑑𝑞

𝑙𝑑𝑞𝑘  (26) 

 Using the similarity of triangles in system S  𝑑 𝑟  , 𝑑𝜑𝑔 , 𝑐𝑑𝑇  and system S’  𝑑𝑟, 𝑑𝜑, 𝑐𝑑𝑡 , (Figure 1) by 

transformation into a polar coordinate system, we write the equation (26) in the form  

 −𝑑𝑠2 = 𝑔11𝑑𝑟
2 + 𝑔22𝑑𝜑

2 + 𝑔00𝑐
2𝑑𝑡2  (27) 

 where  

 𝑔00 = − 
𝜕𝑇

𝜕𝑡
 

2
 

 

 𝑔11 =  
𝜕|𝑟 |

𝜕𝑟
 

2

 (28) 

 

 𝑔22 = |𝑟 |2  
𝜕𝜑𝑔

𝜕𝜑
 

2

 

 

 

Metric tensor 𝑔𝑙𝑘  is diagonal and its components are determined by using variational principle, i.e.  

 𝑑𝑆 = 𝐿𝑑𝑡 =  𝑝𝛼
𝑑𝑞𝛼

𝑑𝑡
− 𝐻 𝑑𝑡 = 𝑝𝛼𝑑𝑞

𝛼 + 𝑝0𝑑𝑞
0 (29) 

 Four impulse 𝑝 =  𝑝𝛼=1,2,3, 𝑝0  is  

 𝑝𝑘 = 𝑚0𝑐
𝑑𝑞𝑘

𝑑𝑠
= 𝑚0𝑐

𝑑𝑞𝑘

 −𝑔00𝑑𝑞
0 1+𝑔𝛼𝛽

𝑑𝑞𝛼𝑑𝑞𝛽

𝑐2𝑑𝑡2 𝑔00

=  𝑚
𝑑𝑞𝛼

𝑑𝑡
 −𝑔00 , 𝑚𝑐 −𝑔00  

 Since the Hamiltonian is equal to total energy according to the expression we get  

 𝑝0 = −
𝐸

𝑐
= −𝑚𝑐𝑒−𝑅/𝑟 = 𝑔00𝑝

0 = 𝑔00𝑚𝑐 −𝑔00 =  −𝑔00𝑚𝑐 (30) 

 

 From the equation is obtained  

 𝑔00 = −𝑒−2𝑅/𝑟  (31) 

 

Component of the metric tensor will be  

 

 𝐹𝑟𝑜𝑚 [6](8,2,6) →   𝑔11 = −
1

𝑔00
= 𝑒2𝑅/𝑟  

 

 𝐹𝑟𝑜𝑚 [3](16) → 𝑔22 = 𝑟2𝑔11 = 𝑟2𝑒2𝑅/𝑟  (32) 

 

 𝑔33 = 𝑟2𝑠𝑖𝑛2𝜗𝑒2𝑅/𝑟  

 

 

 This way we have gotten a diagonal metric tensor of exponential metric [7]  

 

 𝑔𝑙𝑘 =  

𝑒2𝑅/𝑟

0
0
0

0
𝑟2𝑒2𝑅/𝑟

0
0

0
0
𝑟2𝑠𝑖𝑛2𝜗𝑒2𝑅/𝑟

0

0
0
0
−𝑒−2𝑅/𝑟

  (33) 

 

 Component of force in basis 𝑒 𝛼  is:  

 𝐹𝛼 = 𝐹   ⋅ 𝑒 𝛼 = 𝑒 𝛼
𝑑𝑝 

𝑑𝑡 
= (

𝑑𝑝𝛼

𝑑𝑡
− Γ𝛼𝜇

𝜈 𝑝𝜈
𝑑𝑞𝜇

𝑑𝑡
)
𝑑𝑡

𝑑𝑇
 (34) 

  We have 𝛤𝛼𝜇
𝜈  Christoffel’s symbols.  

 Covariant component of force [3] is:  

 𝐹1 = −
𝑚𝑅𝑐2

𝑟2  (35) 
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 𝐹 𝑑𝑟 = 𝑖𝑛𝑣 = −
𝑅𝑐2𝑚

|𝑟 |2 𝑑|𝑟 | = −
𝑅𝑐2𝑚

𝑟2 𝑑𝑟 ⇒
𝑑 𝑟  

𝑑𝑟
=  𝑔11 =

 𝑟  2

𝑟2  (36) 

 

 If we equate the force from equation (34) with the force from Newton’s law (3) we obtain the equation of motion of a body in 

a non-inertial system [4] with 𝑚 = 𝑚∞𝑒
𝑅

𝑟  

 

 

 Relativistic equation of body motion in Gauss space   

 𝜌 + 𝜌 = 𝑝−1 + 4𝑅𝜌𝑝−1 + 𝑅(𝜌2 + 𝜌 2) (37) 

 where is 𝜌 =
𝑑𝜌

𝑑𝜑
 

 The solution of equation (37) is for the Earth-bound observer from (32) [4] 𝜌(𝜑) = 𝑝−1(1 + 𝑒𝑐𝑜𝑠(1 − 3𝑅𝑝−1)𝜑) +
3

2
𝑅𝑝−2𝑒𝑐𝑜𝑠𝜑 which gives the perihelion displacement Δ = 6𝑅𝑝−1𝜋 = 42" at 100 years as opposed to equation (17) 

[4] for the Sun observer, which gives three times smaller the perihelion displacement. The deflection of light is the same for 

both observers Δ = 1.75".  

 

II. APPLICATION OF EXPONENTIAL METRICS IN QUANTUM MECHANICS 

 

 The relativistic approach to describing the motion of a body in a gravitational field has led us to exponential metrics, as natural 

metrics, which are inherent in gravitational interactions. In the continuation of this paper we will show the application of this 

metric in the field of quantum mechanics in solving Dirac equation. Starting from the total energy according to equation (12) 

and using the relativistic relations between the energy and momentum of the particle of the Hamiltonian system, we write in the 

form: 

 

 𝐻 = 𝑚𝑐2𝑒
−𝑅

𝑟 = 𝑒
−𝑅

𝑟 𝑐 𝑔𝑙𝑘𝑝𝑙𝑝𝑘 +𝑚2𝑐2        𝑘, 𝑙 = 1,2,3 (38) 

  is 𝑔𝑙𝑘 exponential metric tensor per relation (33) 

 In Dirac approach, the Hamiltonian is linearly dependent on the momentum particle so equation (38) written in the form:  

 𝐻 = 𝑒
−𝑅

𝑟  𝑐𝛼 ⋅ 𝑝 + 𝛽𝑚𝑐2  (39) 

 where is 𝛼  and 𝛽 matrices while 𝑝  is the vector momentum of a particle of mass 𝑚. 

 Comparing the equations (38) and (39) we get the relation between the matrices 𝛼  and 𝛽 and their connection with the 

impulse and the metric tensor, ie.  

  𝛼𝑙 , 𝛼𝑘 = 2𝑔𝑙𝑘 ⋅ 1𝛿𝑙𝑘  

 

  𝛼𝑙 , 𝛽 = 0 (40) 

 

  𝑝𝑙 , 𝛼
𝑘 = 0 

 

 𝛼𝑙
2 = 𝛽2 = 1 

 

 𝛼𝑙 𝑟 = 2 𝑔𝑙𝑘𝛼𝐷
𝑙

 

 

 where 𝛼𝐷
𝑙

 Dirac matrice, while 𝛿𝑙𝑘  is Kronecker’s symbol. 

 The effect of Hamiltonians (39) on the wave function psi will be shown by equation [5], respectively. 

 The action of the Hamiltonians (39) on real functiona  we show by equation [5]  

 𝐻Ψ = 𝑒
−𝑅

𝑟 𝑐 𝛼 𝑝 + 𝛽𝑚𝑐 Ψ = 𝐸Ψ (41) 

 

where  

 𝛼 ⋅ 𝑝 Ψ = (
𝐸

𝑐
𝑒
−𝑅

𝑟 − 𝛽𝑚𝑐)Ψ (42) 

  In (39) an expression should be formulated 𝛼 ⋅ 𝑝   Starting with  𝛼 ⋅ 𝑟   𝛼 ⋅ 𝑝  = 𝑟 ⋅ 𝑝 + 𝑖𝜍 ⋅ 𝐿   where 𝜍  Pauli matrix 
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and 𝐿   is angular moment. 

 Radius, shift and momentum is:  

 𝑟 = 𝑒 𝛼𝑡
𝛼(𝑞𝛽);     𝑑  𝑟 = 𝑒 𝛼𝑑𝑞

𝛼 ⇒
𝜕𝑡𝛼

𝜕𝑞𝛽
+ 𝛤𝛽𝛾

𝛼 𝑡𝛾 = 𝛿𝛼𝛽 ;     𝑝 = 𝑒 𝛼𝑝
𝛼  

 For centrally symmetric potential is 𝑡3 = 𝑡2 = 0 we get 

 

  𝛼 ⋅ 𝑝  =
𝛼𝑟

 𝑟  
 −𝑖ℎ∇1𝑡

1 + 𝑖 ℎ + ∇   · 𝐿     (43) 

 

 

  𝛼 𝑟 =
𝛼   ⋅𝑟 

 𝑟  
 

∇1= 𝛿1 + Γ - covariant derivation 

 Solutions of equation are sought in the form:  

 Ψ =
1

𝑟
 
𝐹 𝑌+

𝑖𝐺 𝑌−
  (44) 

  F and G – radial component of   Y + and Y −   - angle component of  

 𝛼𝑟 =

 

 
 

0
𝜍   ⋅𝑟 

|𝑟 |
·

𝜍   ⋅𝑟 

|𝑟 |
0

 

 
 

; 𝛼 ⋅ 𝑟 = 𝑖𝑛𝑣 

 

 
|𝑟 |2

𝑟2 =  𝑔11  (45) 

 

 

 
𝜍   ⋅𝑟 

|𝑟 |
𝑌± = −𝑌∓; 𝑒

−𝑅

𝑟

𝐼+1

2

𝑟
∼

𝐼+1

2

𝑟
 

 

  ℎ + 𝛿   ⋅ 𝐿   Ψ = − 𝐼 +
1

2
 𝛽Ψ; 𝛽 =  

1 0
0 −1  

After correction (37) it becomes:  

 𝑖ℎ∇1 ⋅  
𝑖𝐺
𝐹
 − 𝑖ℎ

𝐼+
1

2

𝑟
 
𝑖𝐺
−𝐹

 = (
𝐸

𝑐
𝑒

2𝑅

𝑟 − 𝛽𝑒
2𝑅

𝑟 𝑚0𝑐)  
𝐹
𝑖𝐺
  (46) 

∇1𝐺 and ∇1𝐹 are covariant derivations:  

 ∇1𝐺 = ∇1Ψ
2 =

𝜕𝐺

𝜕𝑟
+ Γ12

2 𝐺 

 

 ∇1𝐹 = ∇1Ψ
1 =

𝜕𝐹

𝜕𝑟
+ Γ11

1 𝐹 

 

 Γ11
2 𝐹 =

1

𝑟
 (1 −

𝑅

𝑟
 ; Γ11

1 = −
𝑅

𝑟2 ∼ 0 

 

 

 −ℎ 
𝜕𝐹

𝜕𝑟
−

𝐼−1

2

𝑟
𝐺 = (

𝐸

𝑐
𝑟𝑒2𝑅/𝑟 2𝑅

𝑟
𝑚0𝑐)𝐹 (47) 

 

ℎ 
𝜕𝐺

𝜕𝑟
+

𝐼 − 1
2
𝑟

𝐹 = (
𝐸

𝑐
𝑟𝑒2𝑅/𝑟

2𝑅

𝑟
𝑚0𝑐)𝐺 

  We develop the right side in a row, ignoring the members with a power of r greater than 1.  
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 𝛼  
𝜕𝐹

𝜕𝑟
+

𝐼+1

2

𝜌
𝐹 =  𝑚0 + 𝐸 +

𝛼𝑅

𝜌
 𝑚0 + 2𝐸  𝐺 (48) 

 

𝛼 
𝜕𝐺

𝜕𝑟
−

𝐼 − 1
2
𝜌

𝐺 =  𝑚0 − 𝐸 +
𝛼𝑅

𝜌
 𝑚0 − 2𝐸  𝐹 

 

 We are looking for a solution in the form:  

 𝐹 𝜌 = 𝜌𝑠𝑒−𝜌  ‍𝑛<𝑛 ′ 𝑎𝑛𝜌
𝑛  (49) 

 

 

 𝐺 𝜌 = 𝜌𝑠𝑒−𝜌  ‍𝑛<𝑛 ′ 𝑏𝑛𝜌
𝑛  

regular in 𝜌 = 0 and 𝜌 = ∞ 

  Comparing by coefficients 𝑛 = 𝑛′ , 𝑛 = 𝑛′ − 1 and with 𝜌−1 we get:  

 𝛼2 = 𝑚0
2 − 𝐸2 

 

 𝑅2(𝑚0
2 − 4𝐸2) −  𝑠 +

1

2
 

2
+ 𝐼2 = 0 (50) 

 

 

𝑅2(𝑚0
2 − 2𝐸2) + 𝛼  𝑠 + 𝑛′ +

1

2
 = 0 

 

 With elimination 𝑠 we get the bicubic equation with the variable  

 𝛼2 = 𝑚0
2 − 𝐸2, 𝛽 = 𝑠 +

1

2
 (51) 

 

We get from [7]  

 

4𝑅𝑛′𝛼3 + (𝑚0
2𝑅2 + 𝐽2 − 𝑛′)𝛼2 + 2𝑛′𝑚0

2𝑅𝛼 +𝑚0
4𝑅2 = 0 

                                                                                                                                     (52)  

 

2𝑛′𝛽3 + (𝑚0
2𝑅2 + 𝐽2 + 𝑛′2) + 2𝑛′(3𝑚0

2𝑅2 − 𝐽2)𝛽 + 𝑛′2(3𝑚0
2 − 𝐽2)𝛽 − (𝑚0

2𝑅2 − 𝐽2)2 = 0 

 

 The eigenvalue equation is bicubic which depends on the 

principal quantum number 𝑛. For the ground state, there is 

only one solution that corresponds to matter - antimatter. 

There are 3 realistic solutions for the offered conditions. In 

addition to matter - antimatter, there are two other dark 

substances - antimatter.  

III.  CONCLUSION 

 This paper shows a relativistic approach how to describe 

body motion in a static gravitational field. Gravitational 

interaction was realized by introducing a relativistic 

(effective) mass into Newton’s law of universal gravitation. 

Furthermore, equations determining apsidal precession in 

binary systems and gravitational deflection of light have been 

obtained. With the use of Lagrange formalism, the 

exponential form of spacetime metric is derived. Exponential 

metric belongs to a group of alternative metrics and it 

confirms Einstein’s theory of general relativity in the 

approximation of first member development in series. 

Application of this metric within Dirac quantum theory leads 

to the various solutions that describe gravitational quantum 

effects in the Planck wavelength domain.   
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