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Einstein Field Equations with Exponential Metric

N. Perkovié, M. Stoji¢

Abstract— In this paper, a procedure for determining
Einstein’s equation withexponential metric is shown in the case
of static, centrally symmetric, gravitational field. The procedure
has been conducted by introducing a covariance four-vector
forstatic, gravitational field that has its values A_p (0,0,0,®). A
scalar potential @ is determined for the relativistic case of how
body mass depends on its position in a gravitational field.
Exponential metric in default with a metric tensor g_(uv)has
been used to determine the Einstein tensor G_(uv). The
energy-momentum tensor was obtained using the flat space
metric.

Index Terms— Einstein’s equation, gravitational field,
Exponential Metric.

I. INTRODUCTION

Using ananalogy between electromagnetic fields and
anelectromagnetic potential, we can show a gravitational
field throughagravitational potential.

The gravitational potential will be expressed through

covariance four-vector Ag = (AO,A) , Where Ay =

@isscalar potential, whereas A is vector potential expressed
through components of the metric tensor, i.e.

A, =2 k=1,23[1]

k m [1]
We will consider the case of a body motion of mass m in
static gravitational field with source mass M, whereby M >

m.

Vector potential for static gravitational field will be: /T =0,
so Ag = (P, 0).
To determine a scalar potential ®@, we will consider a body
motion of mass m in a gravitational field:

- Rc?

g_ _,37" (1)

|71

GM . I .
where R = —- is a gravitational radius.
C

The gravitational force that acts on the body of mass m will
be:

= Rc? >

F = —er. )
The change of the gravitational potential energy equals the

work of force F in a gravitational field, i.e.:

dU = — Fdit =

Rc?m d-»

W?’" r 3)
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Regarding the relativistic case, thechange relation of

kinaesthetic energy is valid [2]:

dE, = —dU = c?dm (4
From the equations (3) and (4) we obtain differential

equations in the following form:

dm R N

Wt ®
This equation has a solution

R
m=mye'’r (6

where m = mq, when |7| = oo [3].
The equation (6) shows mass’s dependence of its position in a
gravitational field.
Including the mass (6) in the equation (3) we obtain
gravitational potential energy in the following form:

R
U=—my,c? (e fr — 1) ©)
When using the equation (7),a scalar potential @ is

(D=L=—cz(eR/r—1) (8)

[oe]

Il. GRAVITATIONAL FIELD TENSORS

The scalar potential @, specified by the equation (8), is used
to determine gravitational field tensor

__04p a4,

T 9xv 0xP ©)

whereas F, = 0,V Bv =1,2,3.

The only components different from zero will be Fop =

Fv

In the polar coordinate system, the following relations are
also valid:

P
For = = Fio = 7=
00 _av _
99 dp

Applying the listed relations from the equation (9), we obtain
gravitational field tensor in the following form:

0 10 0
Rc? 2R -1 0 0 O
Fav="7¢ "0 o 0 of @
0 00 0
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We determine gravitational field energy tensor analogous to  following relation:
electromagnetic field energy tensor according to the

1 Sy
Tay = - (FarFay + 225 Fug F°* ) (1)

We will determine the energy tensor Tg,, (11) for flat space using the metric tensor

1 0 0 0
0 -1 0 0
9w =10 o -1 of @2

0 o0 0 -1

S0, we obtain
1 0O 0 O
_c*R210 -1 0 O 2R/
TMV ~ 8nr |0 0 1 0|€ T 13
0 0 0 1

Now we will determine the Einstein tensor
1
G,uv = Ryv - Eg,uvR (14)

By applyingexponential metric, we use components of the metric tensor g,, in the polar coordinate system xt =
(ct,7,8,9)[4, 5] i.e.

_ —2R/
Goo = —€ T

_ 2R/
g1 =¢€ 7

g2 =7’ i/
== (15)
g3z = r2sin?® - e /r
Using components of the metric tensor (15) we can determine Christoffel symbols according to the relation

w1 us [ﬁgas 99ps agaﬂ]
Faﬁ Zg axP + ox¢* ox% (16)

while Ricci tensor is determined by the relation
_ arv ar/'l

Ry =5 — 5o Il — Ly @D
ROO = RZZ = R33 =0
2R? _

R, =0 VYu+v

By applying the relations (15), (16) and (17) we obtain components of the Einstein tensor G, , i.e.

GO = Ryg —%R = }:—je‘ZR/r
Gl =Ry, —%R = —f—je‘ZR/r
G} =Ry —R= f—je_ZR/r (18)
G3 = Ryy —%R = f—je‘ZR/r

Ggy =0 V u+v
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Comparing the values of the Einstein tensor Gg, (18) and the energy tensor Tg, (13) we come to the conclusion that

exponential metric with components of the metric tensor gg,, (15) satisfies Einstein’s equation in the first approximation

8nG
Gv = :_4 Tv (19)

In the natural system of units, i.e. ¢ = G = h = 1, we write the equation (19) in this form

1 0 0 O
RZ 2R/ 10 =1 0 O
Gi=%e"lo 0 1 0 (20)
0O 0 0 1
I1l. CONCLUSION

A procedure analogous to the procedure for the
electromagnetic field has been conducted to determine
Einstein’s  equation  forstatic, centrally symmetric,

gravitational field. The Einstein tensor Gg, was obtained

using exponential metric given by the metric tensor gg, in

the polar coordinate system. Determination of the
energy-momentum tensor was performed using the flat space
metric. The given result shows that exponential metric
satisfies Einstein’s equation in the first approximation
alongside the energy-momentum tensor in a flat space.
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