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 

Abstract— Semi linear Integrodifferential Systems in Banach 

spaces with Distributed Delays in Control of the form 

𝒙 𝒕 𝝓 = −𝑨 𝒕 𝒙𝒕 𝝓 +  𝒅𝜽𝑯 𝒕, 𝜽 𝒖 𝒕 + 𝜽 

𝟎

−𝒉

+   𝒕, 𝒔, 𝒙𝒔 𝝓  

𝒕

−∞

 

is presented for controllability analysis .Necessary and 

Sufficient Conditions for the systems  to be null controllable are 

established. Uses were made of the Unsymmetric Fubinis’ 

theorem and some Controllability Standards. The mild solution 

of the system was obtained using the variation of constant 

formula. From this mild solution, we extracted the set functions 

upon which our studies hinged. 

 

Index Terms— Distributed Delays, Null-controllability, Semi 

linear, Integrodifferential Systems, Set functions.  

 

I. INTRODUCTION 

  Highlight According toOraekie (2018), Neutral 

functional differential equations are characterized by a delay 

in the derivative of the form 

𝑑

𝑑𝑡
 𝑥 𝑡 − 𝐺𝑥 𝑡 − 𝑕  = 𝐴𝑥 𝑡 + 𝐵𝑢 𝑡  

Where  – h, 0  is the delay interval , and  
x an element of the Euclidean space En  of 
  n − dimensions. A. G are nxnconstant matices , 
B is an nxm constant matrix and h > 0 

 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟. Equations of this form have applications in 

the study of electrical networks containing lossless 

transmission lines (Bray ton (1976) ,vibrational problems 

(Ekgoltz(1964), 

Electrodynamics (Driver (1963). 

One of the celebrated triumphs of La Salle was his solution 

of the null controllability problem of linear ordinary 

differential control system of the form 

𝑥  𝑡 = 𝐴 𝑡 𝑥 𝑡 + 𝐵 𝑡 𝑢 𝑡  1.1  
Where A is nxn constant matrix and B is an nxm constant 

matrix, when the controls are square integrable functions and 

lie in the unit cube: 
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𝐶𝑚 =  𝑢𝑗 ∈ 𝑅𝑚 ∶   𝑢𝑗  ≤ 1  ; 𝑗 = 1,2, … , 𝑛  1.2  

𝑊𝑕𝑒𝑟𝑒 𝑢𝑗  𝑑𝑒𝑛𝑜𝑡𝑒𝑠  𝑡𝑕𝑒 𝑗𝑡𝑕 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 𝑜𝑓 𝑈. 

 𝐻𝑒 𝑠𝑕𝑜𝑤𝑒𝑑 𝑖𝑛 𝑕𝑖𝑠 𝑤𝑜𝑟𝑘(𝑳𝒂 𝑺𝒂𝒍𝒍𝒆 (𝟏𝟗𝟓𝟗) 

That if system (1.1) is proper (and this holds if and only if  

𝑟𝑎𝑛𝑘 𝐵, 𝐴𝐵, 𝐴2𝐵,… , 𝐴𝑛−1𝐵 

= 𝑛                                               1.3  
And if the system 

𝑥  𝑡 = 𝐴 𝑡 𝑥 𝑡  1.4  
is stable( i.e. all the eigenvalues of  A  have  no  positive 

real part) ,then system(1.1) is null controllable with 

constraints. 

The rank condition in system (1.3) is equivalent to the 

controllability of system (1.1) when the controls are ‘’big’’ in 

the sense that they are only assumed to be square integrable. 

This is equivalent to null controllability with square 

integrable controls. We call such controls unrestrained in 

contrast to the restrained controls which lie in a closed and 

bounded set(Oraekie (2018)). But for delay systems, null 

controllability is not equivalent to controllability. For instant, 

all ntth order scalar differential difference equations of 

retarded type are null controllable (H.T.Banks, M.Q.Jacobs 

and C.E.Langenhop (1975)), where as they are never 

controllable. For the delay system of the form 

𝑥  𝑡 = 𝐿 𝑡 , 𝑥𝑡 + 𝐵 𝑡 𝑢 𝑡   , 𝑡 ≥ 𝜕              1.5  

𝑥𝜕 = 𝜙 ∈ 𝑊2
 1   −𝑕 ,0  ≡ 𝑊2

 1  

Chukwu (1984), proved that if the system (1.5) is 

controllable with unrestrained controls, and if 

𝑥  𝑡 = 𝐿 𝑡 , 𝑥𝑡  , 𝑡 ≥ 𝜕                 1.6  
is uniformly asymptotically stable, then system(1.5) is null 

controllable with constrained controls. The problem was 

posed on whether the weaker condition of null controllability 

with unrestrained controls and the uniformly asymptotic 

stability assumption was sufficient for restrained null 

controllability. The issue was settled in Chukwu (19 97) 

.That is, it was shown that if the system (1.5)   𝒊. 𝒆. , 𝒙  𝒕 =

𝑳𝒕 ,𝒙𝒕+𝑩𝒕𝒖𝒕, is null controllable with square integrable 

controls and if the system(1.6)uniformly asymptotically 

stable, then system(1.5 is null controllable with  square 

integrable controls which lie in a closed unit ball with zero in 

its interior. 

Controllability of linear and nonlinear systems represented 

by ordinary differential equations in finite dimensional 

spaces has been extensively studied. Several authors have 

extended the concept to infinite dimensional systems 

represented by the evolution equations with bounded 

operators in Banach spaces(Oraekie(2016) 

,Naito(1992)).Recently, Oraekie(2017) established  
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necessary and sufficient conditions for null controllability of 

nonlinear infinite dimensional space of neutral differential 

systems with distributed delays in the  control.  

The purpose of thiswork,therefore,  is to extend the 

concept of null controllability with constrained controls to 

the systems of Semi linear Integrodifferential Systems in 

Banach Spaces with Distributed Delays in the Control. 

II. PRELIMINARIES / NOTATIONS 

 

2.1. DESCRIPTION OF SYSTEM 

Our specific objective is to study the controllability the Semi linear Integrodifferential Systems in Banach Spaces with 

Distributed Delays in the Control of the form. 

𝑥 𝑡 𝜙 = −𝐴 𝑡 𝑥𝑡 𝜙 +  𝑑𝜃𝐻 𝑡, 𝜃 𝑢 𝑡 + 𝜃 

0

−𝑕

+  𝑓 𝑡, 𝑠, 𝑥𝑠 𝜙  

𝑡

−∞

 ; 𝑡 ∈ 𝐽 =  𝑡0 , 𝑡1  2.1  

𝑥𝑡 𝜙 = 𝜙 𝑡 ; 𝑡 ∈ (−∞, 0] 
Through its semi linear base control system 

𝑥 𝑡 𝜙 = −𝐴 𝑡 𝑥𝑡 𝜙 +  𝑑𝜃𝐻 𝑡, 𝜃 𝑢 𝑡 + 𝜃 

0

−𝑕

 2.2  

and its free system 

𝑥 𝑡 𝜙 = −𝐴 𝑡 𝑥𝑡 𝜙 +  𝑓 𝑡, 𝑠, 𝑥𝑠 𝜙  

𝑡

−∞

 2.3  

𝐻𝑒𝑟𝑒,  𝐴 𝑡 : 𝑡 ≥ 0 𝑖𝑠 𝑎 𝑓𝑎𝑚𝑖𝑙𝑦 𝑜𝑓 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑠 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑎 𝐵𝑎𝑛𝑎𝑐𝑕 𝑠𝑝𝑎𝑐𝑒  
𝑋 𝑡𝑜 𝑋. 𝑇𝑕𝑒 𝑠𝑡𝑎𝑡𝑒 𝑥 𝑡  𝑡𝑎𝑘𝑒𝑠 𝑣𝑎𝑙𝑢𝑒𝑠 𝑖𝑛 𝑡𝑕𝑒 𝐵𝑎𝑛𝑎𝑐𝑕 𝑠𝑝𝑎𝑐𝑒 𝑋 𝑎𝑛𝑑 𝑡𝑕𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑢 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 

𝐿2 𝐽 , 𝑈  , 𝑎 𝐵𝑎𝑛𝑎𝑐𝑕 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠  𝑤𝑖𝑡𝑕 𝑈  𝑎𝑠 𝑎 𝐵𝑎𝑛𝑎𝑐𝑕 𝑠𝑝𝑎𝑐𝑒. 
𝐻 𝑡, 𝜃  𝑖𝑠 𝑎𝑛 𝑛𝑥𝑚 𝑚𝑎𝑡𝑟𝑖𝑥 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑡 𝑎𝑛𝑑 𝑜𝑓 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝜃 𝑜𝑛  −𝑕, 0 ; 𝑕 > 0  
𝑓𝑜𝑟 𝑒𝑎𝑐𝑕 𝑡 ∈ 𝐽 =  𝑡0 , 𝑡1  , 𝑡1 > 0 = 0. 

 𝐿𝑒𝑡 𝑋𝛼  𝑑𝑒𝑛𝑜𝑡𝑒 𝑡𝑕𝑒 𝑖𝑛𝑡𝑒𝑟𝑝𝑜𝑙𝑎𝑡𝑖𝑜𝑛 𝑠𝑝𝑎𝑐𝑒 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑖𝑛 𝑡𝑕𝑒 𝛼 𝑝𝑜𝑤𝑒𝑟 𝑜𝑓 𝐴 𝑜  𝑡𝑕𝑎𝑡 𝑖𝑠, 

𝑋𝛼 =  𝑥 ∶ 𝑥 ∈ 𝐷 𝐴𝛼 0    𝑤𝑖𝑡𝑕  𝑥 𝛼 =  𝐴𝛼 0   

𝑇𝑕𝑒 𝑠𝑝𝑎𝑐𝑒 𝐶𝛼  𝑖𝑠 𝑡𝑕𝑒 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 , 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝜙 𝑓𝑟𝑜𝑚  −∞, 0 𝑡𝑜 𝑋𝛼  

𝐸𝑛𝑑𝑜𝑤𝑒𝑑 𝑤𝑖𝑡𝑕 𝑡𝑕𝑒 𝑠𝑢𝑝𝑟𝑒𝑚𝑢𝑚 𝑛𝑜𝑟𝑚 ∶   𝜙 𝐶𝛼 = 𝑠𝑢𝑝  𝜙 𝜃  𝛼 ∶  𝜃 ∈  −∞, 0  . 

𝐹𝑢𝑟𝑡𝑕𝑒𝑟𝑚𝑜𝑟𝑒, 𝑙𝑒𝑡 𝜙 ∈ 𝐶𝛼  𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛼 ∈  0,1 , 𝑎𝑛𝑑 𝑓 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 

 𝑜𝑓 𝐽𝑥𝐽𝑥𝑋𝛼  𝑖𝑛𝑡𝑜 𝑋. 𝐹𝑜𝑟  𝑡𝑕𝑒 𝑒𝑥𝑖𝑠𝑡𝑒𝑛𝑐𝑒 𝑜𝑓 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚  2.1 ,𝑤𝑒 𝑢𝑠𝑒 𝑡𝑕𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 

 𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛𝑠 𝑎𝑠 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 𝑖𝑛 𝑫𝒂𝒖𝒆𝒓 𝒂𝒏𝒅 𝑩𝒂𝒍𝒂𝒔𝒖𝒃𝒓𝒂𝒎𝒂𝒏𝒊𝒂𝒎 𝟏𝟗𝟗𝟕 : 
 1 . 𝑇𝑕𝑒 𝑑𝑜𝑚𝑎𝑖𝑛  𝐷 𝐴  𝑜𝑓 𝐴 𝑡  , 𝑡 ∈ 𝐽 =  𝑡0 , 𝑡1  , 𝑡1 > 0, 𝑖𝑠 𝑑𝑒𝑛𝑠𝑒 𝑖𝑛 𝑡𝑕𝑒 𝐵𝑎𝑛𝑎𝑐𝑕 𝑠𝑝𝑎𝑐𝑒 𝑋 

 𝑎𝑛𝑑  𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑜𝑓 𝑡. 

 𝑖𝑖  . 𝐹𝑜𝑟 𝑒𝑎𝑐𝑕 𝑡 ∈  0,∞ , 𝑡𝑕𝑒 𝑟𝑒𝑠𝑜𝑙𝑣𝑒𝑛𝑡 𝑅 𝜆 , 𝐴 𝑡   𝑒𝑥𝑖𝑠𝑡𝑠 𝑓𝑜𝑟 𝑎𝑙𝑙 𝜆 𝑠𝑢𝑐𝑕 𝑡𝑕𝑎𝑡 𝑅𝑒𝜆 ≥ 0 , 

 𝑎𝑛𝑑 𝑡𝑕𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝐶 > 0 𝑠𝑢𝑐𝑕 𝑡𝑕𝑎𝑡   𝑅 𝜆 , 𝐴 𝑡   ≤
𝐶

 𝜆 + 1
. 

 𝑖𝑖𝑖  .  𝐹𝑜𝑟 𝑎𝑛𝑦 𝑡, 𝑠, 𝜏 ∈ 𝐽 =  𝑡0 , 𝑡1  , 𝑡𝑕𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝛿 > 0 𝑠𝑢𝑐𝑕 𝑡𝑕𝑎𝑡 𝛿 ∈  0 , 1   𝑎𝑛𝑑 𝐾 > 0 ∋ 

  𝐴 𝑡 − 𝐴 𝜏  𝐴−1 𝑠  ≤ 𝐾 𝑡 − 𝜏 𝛿  

𝐴𝑛𝑑 𝑓𝑜𝑟 𝑒𝑎𝑐𝑕 𝑡 ∈  𝑡0 , 𝑡1  𝑎𝑛𝑑 𝑠𝑜𝑚𝑒 𝜆 ∈ 𝜌 𝐴 𝑡  , 𝑡𝑕𝑒 𝑟𝑒𝑠𝑜𝑙𝑣𝑒𝑛𝑡 𝑅 𝜆 , 𝐴 𝑡  𝑠𝑒𝑡 𝑜𝑓𝐴 𝑡  𝑖𝑠 

 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟. 𝑇𝑕𝑒 𝑓𝑎𝑐𝑡 𝑡𝑕𝑎𝑡 0 ∈ 𝜌 𝐴 𝑡   𝑎𝑛𝑑 − 𝐴 𝑟  𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑠 𝑎𝑛 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐 

 𝑠𝑒𝑚𝑖𝑔𝑟𝑜𝑢𝑝 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡𝑕𝑎𝑡 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑝𝑜𝑤𝑒𝑟𝑠 𝑜𝑓𝐴 𝑟  can be defined for 0 < 𝛼 < 1.𝑊𝑒 𝑝𝑢𝑡 

𝐴−𝛼 𝑟 =
1

Γ 𝛼 
 𝑠𝛼−1𝑒−𝑠𝐴 𝑟 𝑑𝑠

∞

0

,  

𝑤𝑕𝑒𝑟𝑒 Γ .   𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑡𝑕𝑒 𝐸𝑢𝑙𝑒𝑟𝑖𝑎𝑛 𝑔𝑎𝑚𝑚𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. 𝑇𝑕𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝐴−𝛼 𝑟  can be shown to be a 

 bounded  linear operator with well defined inverse 𝑹𝒂𝒏𝒌𝒊𝒏 𝟏𝟗𝟖𝟐  . 𝐅𝐫𝐢𝐞𝐝𝐦𝐚𝐧 𝟏𝟗𝟔𝟗  established  

that if conditions  𝑖 −  𝑖𝑖𝑖  above are satisfied, then there exists an operator valued  
function X 𝑡, 𝜏  which is defined  on the triagle 0 ≤ τ ≤ t < ∞. 𝑋 𝑡, 𝜏  is strongly continuous 

 jointly in t and τ , maps X into D 𝐴  if t > 𝜏 . 𝑇𝑕𝑒 𝑓𝑎𝑚𝑖𝑙𝑦  X 𝑡, 𝜏  ∶  0 ≤ τ ≤ t < ∞  satisfies 

 the identity 

 X 𝑡, 𝜏 = X 𝑡, 𝑠 X 𝑠, 𝜏 : 0 ≤ τ ≤ t < ∞. 

𝑇𝑕𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 
𝛿

𝛿𝑡
X 𝑡, 𝜏   existe in the strong operator topology and belongs to X whenever 

  0 ≤ τ < 𝑡   𝑷𝒂𝒛𝒚  𝟏𝟗𝟖𝟐  .  

𝐹𝑖𝑛𝑎𝑙𝑙𝑦, X 𝑡, 𝜏  satisfies the following initial value problem 
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𝛿

𝛿𝑡
X 𝑡, 𝜏 = A 𝑡 X 𝑡, 𝜏 , for t > 𝜏 

X 𝜏, 𝜏 = I , whenI is the identity operator. 

Furthermore  𝒔𝒆𝒆 𝑭𝒊𝒕𝒛𝒈𝒊𝒃𝒃𝒐𝒏  𝟏𝟗𝟗𝟎  , if 0 ≤ v ≤ 1 ;  0 ≤ β ≤ δ < 1 + 𝜇 , 𝑡𝑕𝑒𝑛 𝑓𝑜𝑟 𝑎𝑛𝑦  

0 ≤ τ ≤ t + ∆t < 𝑡1 𝑎𝑛𝑑 𝑠 ∈ 𝐽, 𝑡𝑕𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝐾 𝛽, 𝑣, 𝛿  such that  

 𝐴𝑣 𝑠  𝑋 𝑡 + ∆𝑡, 𝜏 − X 𝑡, 𝜏 𝐴−𝛽 𝑟   ≤ 𝐾 𝛽, 𝑣, 𝛿  ∆𝑡 𝛿−𝑉 𝑡 − 𝜏 𝛽−𝛿 2.4  

 𝑖𝑣  . 𝑇𝑕𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝛽0 > 𝛼𝑎𝑛𝑑 𝜔 > 0 𝑠𝑢𝑐𝑕 𝑡𝑕𝑎𝑡  𝑓𝑜𝑟 0 ≤ 𝛽 < 𝛽0 , 𝑡𝑕𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝐾𝛽 > 0 

 𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔 

 𝐴𝛽  0 𝑋 𝑡, 𝑠  ≤ 𝐾𝛽 𝑡 − 𝑠 −𝛽𝑒−𝜔 𝑡−𝑠  2.5  

 𝑣 . 𝑇𝑕𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓: 𝐽𝑥𝐽𝑥𝑋𝛼 → 𝑋 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 , 𝑓 𝑡, 𝑠, 0 = 0 𝑓𝑜𝑟 𝑠 < 𝑡, 𝑎𝑛𝑑 𝑡𝑕𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠  
𝑎𝑛 𝐿 > 0 𝑎𝑛𝑑 𝑣 > 0 𝑠𝑢𝑐𝑕 𝑡𝑕𝑎𝑡 

 𝑓 𝑡, 𝑠, 𝑥 − 𝑓 𝑡, 𝑠, 𝑦  ≤ 𝑒−𝑣 𝑡−𝑠 𝐿 𝑥 − 𝑦 𝛼 2.6  
 𝑣𝑖 . 𝑇𝑕𝑒 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝐴−𝛼 𝑡  𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑓𝑜𝑟 𝑎𝑙𝑙 𝛼 ∈  0 , 1 . 
𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡𝑕𝑎𝑡  𝑖 −  𝑖𝑖𝑖  𝑎𝑛𝑑  𝑣  𝑎𝑟𝑒 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑 . 

𝐼𝑓 𝜙 ∈ 𝐶𝛼  𝑎𝑛𝑑 𝜙 0 ∈ 𝐷  𝐴𝛽 0   𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛽 > 𝛼 𝑎𝑛𝑑  𝑖𝑣 𝑖𝑠 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛽0 > 𝛽, 

 𝑡𝑕𝑒𝑛 𝑡𝑕𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝑢𝑛𝑖𝑞𝑢𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛   𝑥𝑡 𝜙  ∶  𝐽 → 𝑋  𝑠𝑢𝑐𝑕 𝑡𝑕𝑎𝑡 

  𝑥𝑡 𝜙 = 𝑋 𝑡, 0 𝜙 0 +  𝑋 𝑡, 𝑠  

𝑡

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑠

−∞

𝑑𝜏𝑑𝑠

+  𝑋 𝑡, 𝑠  

𝑡

0

  𝑑𝜃𝐻 𝑡, 𝜃 𝑢 𝑡 + 𝜃 

0

−𝑕

 𝑑𝑠                                             2.7  

  𝑥𝑡 𝜙 = 𝜙 𝑡 ; 𝑡 ∈  −∞, 0 . 
 𝑀𝑜𝑟𝑒𝑜𝑣𝑒𝑟,   𝑥𝑡 𝜙  𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠𝑙𝑦 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑒 𝑓𝑜𝑟  𝑡 > 0 𝑎𝑛𝑑 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑠𝑦𝑠𝑡𝑒𝑚  2.1  

 

𝟐. 𝟑.  𝑬𝑿𝑷𝑳𝑰𝑪𝑻 𝑽𝑨𝑹𝑰𝑨𝑻𝑰𝑶𝑵 𝑶𝑭 𝑪𝑶𝑵𝑺𝑻𝑨𝑵𝑻 𝑭𝑶𝑹𝑴𝑼𝑳𝑨 

A careful observation of the system  2.7 shows that the values of the control u t  for 

 t ∈  −h, t enter the definition of the complete state  𝐳 𝐭𝟎 =  𝐱, 𝐮𝐭   thereby creating  
the need for an explicit variation of constant formula. The  control in the last term of the  
right hand side of the formula  2.7 , therefore, has to be transformed by applying the method 

 of Klamka  as contained in 𝐊𝐥𝐚𝐦𝐤𝐚  𝟏𝟗𝟕𝟖 . Firstly, we interchange  the order of integration 

 using unsymmetric Fubinis′theorem to have 

  𝑥𝑡 𝜙 = 𝑋 𝑡, 0 𝜙 0 +  𝑋 𝑡, 𝑠  

𝑡

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑠

−∞

𝑑𝜏𝑑𝑠 

+  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

𝑡+𝜃

0+𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢 𝑠 + 𝜃 − 𝜃  𝑑𝑠                       2.8  

𝑆𝑖𝑚𝑝𝑙𝑖𝑓𝑦𝑖𝑛𝑔 𝑠𝑦𝑠𝑡𝑒𝑚 2.8 ,𝑤𝑒 𝑕𝑎𝑣𝑒 

  𝑥𝑡 𝜙 = 𝑋 𝑡, 0 𝜙 0 +  𝑋 𝑡, 𝑠  

𝑡

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑠

−∞

𝑑𝜏𝑑𝑠 

+  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

0

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠  𝑑𝑠 

 +  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

𝑡+𝜃

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢 𝑠  𝑑𝑠                      2.9  

𝑈𝑠𝑖𝑛𝑔 𝑎𝑔𝑎𝑖𝑛 𝑡𝑕𝑒 𝑈𝑛𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝐹𝑢𝑏𝑖𝑛𝑖𝑠’ 𝑡𝑕𝑒𝑜𝑟𝑒𝑚 𝑜𝑛 𝑡𝑕𝑒 𝑐𝑕𝑎𝑛𝑔𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑   

𝑖𝑛𝑐𝑜𝑟𝑝𝑜𝑟𝑎𝑡𝑖𝑛𝑔 𝑯∗ 𝑎𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑒𝑙𝑜𝑤,𝑯∗ 𝒔, 𝜽 =  
𝑯 𝑺, 𝜽 , 𝒇𝒐𝒓 𝒔 ≤ 𝒕
𝟎 , 𝒇𝒐𝒓 𝒔 ≥ 𝒕

               (2.10) 

𝑆𝑦𝑠𝑡𝑒𝑚  2.9  𝑏𝑒 𝑐𝑜𝑚𝑒𝑠  

  𝑥𝑡 𝜙 = 𝑋 𝑡, 0 𝜙 0 +  𝑋 𝑡, 𝑠  

𝑡

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑠

−∞

𝑑𝜏𝑑𝑠 

+  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

0

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠  𝑑𝑠 +   𝑋

0

−𝑕

 𝑡, 𝑠 − 𝜃 𝑑𝜃

𝑡

0

𝐻∗ 𝑠 − 𝜃, 𝜃 𝑢 𝑠  𝑑𝑠                                                 2.11  

𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑠𝑡𝑖𝑙𝑙 𝑖𝑛 𝑡𝑕𝑒 𝐿𝑒𝑏𝑒𝑠𝑔𝑢𝑒 𝑆𝑡𝑖𝑒𝑙𝑡𝑗𝑒𝑠 𝑠𝑒𝑛𝑠𝑒 𝑖𝑛 𝑡𝑕𝑒 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝜃 𝑖𝑛 𝐻.  
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𝐹𝑜𝑟 𝑏𝑟𝑒𝑣𝑖𝑡𝑦, 𝑙𝑒𝑡 

𝜂 𝑡 = 𝑋 𝑡, 0 𝜙 0 +  𝑋 𝑡, 𝑠  

𝑡

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑠

−∞

𝑑𝜏𝑑𝑠                               2.12  

 𝜇 𝑡 =  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

0

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠  𝑑𝑠                                  2.13  

 𝑍 𝑡, 𝑠 =   𝑋

0

−𝑕

 𝑡, 𝑠 − 𝜃 𝑑𝜃

𝑡

0

𝐻∗ 𝑠 − 𝜃, 𝜃  2.14  

𝑍𝑇 𝑡, 𝑠 =   𝑋 𝑡, 𝑠 − 𝜃 

0

−𝑕

𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑇

 2.15  

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑠𝑦𝑠𝑡𝑒𝑚𝑠  2.12 ,  2.13  𝑎𝑛𝑑  2.14  𝑖𝑛  𝑠𝑦𝑠𝑡𝑒𝑚 2.11 , 𝑤𝑒 𝑕𝑎𝑣𝑒 𝑒𝑥𝑝𝑙𝑖𝑐𝑖𝑡 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛 𝑜𝑓  
𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 𝑓𝑜𝑟 𝑡𝑕𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 2.1  𝑎𝑠 

 

  𝒙𝒕 𝝓 = 𝜼 𝒕 + 𝝁 𝒕 + 𝒛 𝒕, 𝒔 𝒖 𝒔  𝒅𝒔                             𝟐. 𝟏𝟔  
 

2.4 . BASIC SET FUNCTIONS AND PROPERTIES 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟒. 𝟏 𝑹𝒆𝒂𝒄𝒉𝒂𝒃𝒍𝒆 𝒔𝒆𝒕  
 

𝑇𝑕𝑒 𝑟𝑒𝑎𝑐𝑕𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 2.1  𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

 𝑅 𝑡, 𝑡0 =    𝑋

0

−𝑕

 𝑡, 𝑠 − 𝜃 𝑑𝜃

𝑡

0

𝐻∗ 𝑠 − 𝜃, 𝜃 𝑢 𝑠  𝑑𝑠 ∶ 𝑢 ∈ 𝐶𝑚 ⊂ 𝐿2 𝐽, 𝑈 𝑎𝑛𝑑  𝑢𝑗  ≤ 1, ∀ 𝑗.   

 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟒. 𝟐.  𝑨𝒕𝒕𝒂𝒊𝒏𝒂𝒃𝒍𝒆 𝒔𝒆𝒕  
𝑇𝑕𝑒 𝐴𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 2.1  𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

 𝐴 𝑡, 𝑡0 =  𝑥𝑡 𝜙 : 𝑢 ∈ 𝐶𝑚 ⊂ 𝐿2 𝐽, 𝑈 𝑎𝑛𝑑  𝑢𝑗  ≤ 1, ∀ 𝑗  

 

 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟒. 𝟑.  𝑻𝒂𝒓𝒈𝒆𝒕 𝒔𝒆𝒕  
𝑇𝑕𝑒 𝑇𝑎𝑟𝑔𝑒𝑡 𝑠𝑒𝑡𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 2.1  𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠  

𝐺 𝑡, 𝑡0 =  
𝑥𝑡 𝜙 : 𝑡 ∈ 𝐽 ; 𝑡 ≥ Τ > 𝑡0 = 0 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑓𝑖𝑥𝑒𝑑 Τ 𝑎𝑛𝑑 𝑢 ∈ 𝐶𝑚 ⊂ 𝐿2 𝐽, 𝑈 ∋ 

 𝑢𝑗  ≤ 1, ∀ 𝑗
  

 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟒. 𝟒.  𝑪𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒂𝒃𝒊𝒍𝒊𝒕𝒚 𝑮𝒓𝒂𝒎𝒎𝒊𝒂𝒏 . 
𝑇𝑕𝑒𝐶𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝐺𝑟𝑎𝑚𝑚𝑖𝑎𝑛𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 2.1  𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

 𝑊 𝑡, 𝑡0 =    𝑋 𝑡, 𝑠 − 𝜃 

0

=𝑕

𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑡

0

  𝑋 𝑡, 𝑠 − 𝜃 

0

=𝑕

𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑇

 

𝑤𝑕𝑒𝑟𝑒 𝑇 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑒. 𝑃𝑢𝑡  
 

𝒖 𝒕 = −𝒁 𝒕, 𝒔 𝑾−𝟏 𝒕, 𝒕𝟎  𝒙𝒕 𝝓                               ( 𝟐. 𝟏𝟕) 

 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟒. 𝟓.  𝑷𝒓𝒐𝒑𝒆𝒓𝒏𝒆𝒔𝒔 .  
𝑇𝑕𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 2.1  𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑝𝑟𝑜𝑝𝑒𝑟 𝑜𝑛 𝑎𝑛 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙  𝑡0 , 𝑡1  𝑖𝑓 

𝐶𝑇   𝑋 𝑡, 𝑠 − 𝜃 

0

=𝑕

𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃  = 0  𝑎. 𝑒 ⇒ 𝐶 = 0 

𝑇𝑕𝑎𝑡 𝑖𝑠, 𝑠𝑦𝑠𝑡𝑒𝑚 2.1 𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟  𝑖𝑛 𝑅𝑛  𝑜𝑛 𝑡0 , 𝑡1  𝑖𝑓 𝑠𝑝𝑎𝑛 𝑅 𝑡, 𝑡0 = 𝑅𝑛 . 
 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟒. 𝟔.  𝑪𝒐𝒎𝒑𝒍𝒆𝒕𝒆 𝑪𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒂𝒃𝒊𝒍𝒊𝒕𝒚  
𝑇𝑕𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 2.1  𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝐶𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑙𝑦 𝐶𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒𝑜𝑛 𝑎𝑛 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝐽 −  𝑡0 , 𝑡1  𝑖𝑓 

 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝜙 𝑎𝑛𝑑 𝑒𝑣𝑒𝑟𝑦 𝑠𝑡𝑎𝑡𝑒 𝑥1 ∈ 𝑅𝑛 , 𝑡𝑕𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠  𝑎𝑛  
𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑒𝑛𝑒𝑟𝑔𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑢 ∈ 𝑈 𝑠𝑢𝑐𝑕 𝑡𝑕𝑎𝑡 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑕𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 2.1  
𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 

  𝒙𝒕 𝝓 = 𝒙𝒕𝟏 𝝓 . 
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𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟒. 𝟔.  𝑵𝒖𝒍𝒍 𝑪𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒂𝒃𝒊𝒍𝒊𝒕𝒚  
𝑇𝑕𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 2.1  𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑁𝑢𝑙𝑙𝐶𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒𝑜𝑛 𝑎𝑛 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝐽 =  𝑡0 , 𝑡1  𝑖𝑓 𝑓𝑜𝑟  
𝑒𝑣𝑒𝑟𝑦 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝜙 ∈ 𝐶𝛼  , 𝑡𝑕𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠  𝑎𝑛 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 
 𝑒𝑛𝑒𝑟𝑔𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑢 ∈ 𝑈 𝑠𝑢𝑐𝑕 𝑡𝑕𝑎𝑡 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑥𝑡 𝜙  𝑜𝑓 𝑡𝑕𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 2.1  𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 

 

 𝒙𝒕𝟏 𝝓 = 𝟎. 

III. MAIN  RESULT 

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡𝑕𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 2.1 𝑔𝑖𝑣𝑒𝑛 𝑏𝑒𝑙𝑜𝑤 

 

𝑥 𝑡 𝜙 = −𝐴 𝑡 𝑥𝑡 𝜙 +  𝑑𝜃𝐻 𝑡, 𝜃 𝑢 𝑡 + 𝜃 

0

−𝑕

+  𝑓 𝑡, 𝑠, 𝑥𝑠 𝜙  

𝑡

−∞

 ; 𝑡 ∈ 𝐽             𝑠𝑦𝑠𝑡𝑒𝑚 2.1   

𝑥𝑡 𝜙 = 𝜙 𝑡 ; 𝑡 ∈ (−∞, 0] 
 

𝐴𝑠𝑠𝑢𝑚𝑒 𝑓𝑜𝑟 𝑠𝑦𝑠𝑡𝑒𝑚 2.1  𝑡𝑕𝑎𝑡 ∶ 
 

 𝑖  . 𝑡𝑕𝑎𝑡 𝑡𝑕𝑒 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑠𝑒𝑡 𝑈 ⊂ 𝐿2 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑅𝑛 . 
 

 𝑖𝑖  . 𝑇𝑕𝑒 𝑓𝑟𝑒𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 2.3  𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

 

𝑥 𝑡 𝜙 = −𝐴 𝑡 𝑥𝑡 𝜙 +  𝑓 𝑡, 𝑠, 𝑥𝑠 𝜙  

𝑡

−∞

 𝑠𝑦𝑠𝑡𝑒𝑚 2.3   

   𝑖𝑠 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐𝑎𝑙𝑙𝑦 𝑠𝑡𝑎𝑏𝑙𝑒 𝑠𝑜𝑡𝑕𝑎𝑡  𝑡𝑕𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑕𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 2.3  𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠  
𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒. 𝑖. 𝑒. 

 𝑥𝑡 𝜙, 𝑡0  ≤ 𝑀𝑒𝑞 𝑡−𝑡0  𝜙  , 𝑓𝑜𝑟 𝑎,𝑀 > 0 ;  𝑡0 = 0 

 𝑖𝑖𝑖  . 𝑇𝑕𝑒 𝑆𝑒𝑚𝑖𝑙𝑖𝑛𝑒𝑎𝑟 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑠𝑦𝑠𝑡𝑒𝑚  2.2  𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟 𝑖𝑛 𝑅𝑛 .  

𝑖. 𝑒.   𝑥 𝑡 𝜙 = −𝐴 𝑡 𝑥𝑡 𝜙 +  𝑑𝜃𝐻 𝑡, 𝜃 𝑢 𝑡 + 𝜃 

0

−𝑕

 𝑠𝑦𝑠𝑡𝑒𝑚 2.2   

𝑇𝑕𝑒𝑛 𝑠𝑦𝑠𝑡𝑒𝑚 2.1  𝑖𝑠 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒. 
 

Proof. 

 

𝑅𝑒𝑐𝑎𝑙𝑙 𝑡𝑕𝑎𝑡  𝑡𝑕𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝑊 𝑡, 𝑡0 𝑕𝑎𝑠 𝑎𝑛 𝑖𝑛𝑣𝑒𝑟𝑠𝑒  𝑎𝑛𝑑 

 𝑡𝑕𝑒 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑡𝑕𝑒 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛  𝑜𝑓 𝑎𝑛𝑦 𝑑𝑦𝑛𝑎𝑚𝑖𝑐𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑠𝑦𝑠𝑡𝑒𝑚 𝑔𝑎𝑟𝑎𝑛𝑡𝑒𝑒𝑠  

𝑡𝑕𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑡𝑕𝑒 𝑠𝑦𝑠𝑡𝑒𝑚  𝑶𝒓𝒂𝒆𝒌𝒊𝒆  𝟐𝟎𝟏𝟑  . 𝑇𝑕𝑢𝑠, 𝑏𝑦  𝑖𝑖𝑖  𝑊−1 𝑡, 𝑡0  𝑒𝑥𝑖𝑠𝑡𝑠  

𝑓𝑜𝑟 𝑒𝑎𝑐𝑕  𝑡 > 0. 
𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡𝑕𝑎𝑡 𝑡𝑕𝑒 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑥, 𝑢 𝑓𝑜𝑟𝑚 𝑎  𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑝𝑎𝑖𝑟 𝑡𝑜 𝑡𝑕𝑒 𝑠𝑒𝑡 𝑜𝑓  

𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠: 
 

𝒖 𝒕 = −𝒁𝑻 𝒕, 𝒔 𝑾−𝟏 𝒕, 𝒕𝟎  𝒙𝒕 𝝓 −   𝑋

0

−𝑕

 𝑡, 𝑠 − 𝜃 𝑑𝜃

𝑡

0

𝐻∗ 𝑠 − 𝜃, 𝜃 𝑢 𝑠  𝑑𝑠   

 

⇒ 𝒖(𝒕)  =    −    𝑋

0

−𝑕

 𝑡, 𝑠 − 𝜃 𝑑𝜃

𝑡

0

𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑇

  

𝑥     𝑋 𝑡, 𝑠 − 𝜃 

0

=𝑕

𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑡

0

  𝑋 𝑡, 𝑠 − 𝜃 

0

=𝑕

𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑇

 

−1

 

𝒙  𝒙𝒕 𝝓 −   𝑋

0

−𝑕

 𝑡, 𝑠 − 𝜃 𝑑𝜃

𝑡

0

𝐻∗ 𝑠 − 𝜃, 𝜃 𝑢 𝑠  𝑑𝑠   
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⇒ 𝒖(𝒕) =    −    𝑋

0

−𝑕

 𝑡, 𝑠 − 𝜃 𝑑𝜃

𝑡

0

𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑇

 𝒙 

    𝑋 𝑡, 𝑠 − 𝜃 

0

=𝑕

𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑡

0

  𝑋 𝑡, 𝑠 − 𝜃 

0

=𝑕

𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑇

 

−1

  𝑥 

 

[𝑋 𝑡, 0 𝜙 0 +  𝑋 𝑡, 𝑠  

𝑡

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑠

−∞

𝑑𝜏𝑑𝑠 

+  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

0

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠  𝑑𝑠 +   𝑋

0

−𝑕

 𝑡, 𝑠 − 𝜃 𝑑𝜃

𝑡

0

𝐻∗ 𝑠 − 𝜃, 𝜃 𝑢 𝑠  𝑑𝑠                                  

 −.  𝑋

0

−𝑕

 𝑡, 𝑠 − 𝜃 𝑑𝜃

𝑡

0

𝐻∗ 𝑠 − 𝜃, 𝜃 𝑢 𝑠  𝑑𝑠  ]   

 

⇒ 𝒖(𝒕) =    −    𝑋

0

−𝑕

 𝑡, 𝑠 − 𝜃 𝑑𝜃

𝑡

0

𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑇

  

𝑥     𝑋 𝑡, 𝑠 − 𝜃 

0

=𝑕

𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑡

0

  𝑋 𝑡, 𝑠 − 𝜃 

0

=𝑕

𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑇

 

−1

𝑥 

 𝑋 𝑡, 0 𝜙 0 +  𝑋 𝑡, 𝑠  

𝑡

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑠

−∞

𝑑𝜏𝑑𝑠 +  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

0

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠  𝑑𝑠  2.18  

 

𝐹𝑜𝑟 𝑠𝑜𝑚𝑒 𝑠𝑢𝑖𝑡𝑎𝑏𝑙𝑒 𝑐𝑕𝑜𝑠𝑒𝑛 𝑡1 ≥ 𝒕 ≥ 𝒕𝟎 = 𝟎 ,𝒘𝒆 𝒉𝒂𝒗𝒆 

  𝑥𝑡 𝜙 = 𝑋 𝑡, 0 𝜙 0 +  𝑋 𝑡, 𝑠  

𝑡

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑠

−∞

𝑑𝜏𝑑𝑠 

+  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

0

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠  𝑑𝑠 +   𝑋

0

−𝑕

 𝑡, 𝑠 − 𝜃 𝑑𝜃

𝑡

0

𝐻∗ 𝑠 − 𝜃, 𝜃 𝑢 𝑠  𝑑𝑠                                                 2.19  

  𝑥𝑡 𝜙 = 𝜙 𝑡  ; 𝑡 ∈  𝑡0 − 𝜆, 𝑡0  
 

⇒ 𝑥𝑡1
 𝜙 = 𝑋 𝑡, 0 𝜙 0 +  𝑋 𝑡, 𝑠  

𝑡1

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑡1

−∞

𝑑𝜏𝑑𝑠 

+  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

0

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠  𝑑𝑠

+   𝑋

0

−𝑕

 𝑡, 𝑠 − 𝜃 𝑑𝜃

𝑡1

0

𝐻∗ 𝑠 − 𝜃, 𝜃  −    𝑋

0

−𝑕

 𝑡, 𝑠 − 𝜃 𝑑𝜃

𝑡1

0

𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑇

  

𝑥     𝑋 𝑡, 𝑠 − 𝜃 

0

=𝑕

𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑡1

0

  𝑋 𝑡, 𝑠 − 𝜃 

0

=𝑕

𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑇

 

−1

𝑥 

 𝑋 𝑡, 0 𝜙 0 +  𝑋 𝑡, 𝑠  

𝑡1

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑡1

−∞

𝑑𝜏𝑑𝑠 +  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

0

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠  𝑑𝑠   𝑑𝑠 

⇒ 𝑥𝑡1
 𝜙 = 𝑋 𝑡, 0 𝜙 0 +  𝑋 𝑡, 𝑠  

𝑡1

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑡1

−∞

𝑑𝜏𝑑𝑠 



                                                                        International Journal of New Technology and Research (IJNTR) 

                                                                                  ISSN: 2454-4116, Volume-5, Issue-3, March 2019 Pages 61-69 

 

                                                                              67                                                                           www.ijntr.org 

 

+  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

0

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠  𝑑𝑠 

−   𝑋
0

−𝑕
 𝑡, 𝑠 − 𝜃 𝑑𝜃

𝑡1

0
𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑇

   𝑋
0

−𝑕
 𝑡, 𝑠 − 𝜃 𝑑𝜃

𝑡1

0
𝐻∗ 𝑠 − 𝜃, 𝜃  

   𝑋 𝑡, 𝑠 − 𝜃 
0

=𝑕
𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑡1

0
  𝑋 𝑡, 𝑠 − 𝜃 

0

=𝑕
𝑑𝜃𝐻∗ 𝑠 − 𝜃, 𝜃  

𝑇  𝑋 𝑡, 0 𝜙 0 

+  𝑋 𝑡, 𝑠  

𝑡1

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑡1

−∞

𝑑𝜏𝑑𝑠 +  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

0

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠  𝑑𝑠  

⇒ 𝑥𝑡1
 𝜙 = 𝑋 𝑡, 0 𝜙 0 +  𝑋 𝑡, 𝑠  

𝑡1

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑡1

−∞

𝑑𝜏𝑑𝑠 

+  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

0

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠  𝑑𝑠

− 1  𝑋 𝑡, 0 𝜙 0 +  𝑋 𝑡, 𝑠  

𝑡1

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑡1

−∞

𝑑𝜏𝑑𝑠 +  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

0

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠  𝑑𝑠  

 

⇒ 𝑥𝑡1
 𝜙 = 𝑋 𝑡, 0 𝜙 0 +  𝑋 𝑡, 𝑠  

𝑡1

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑡1

−∞

𝑑𝜏𝑑𝑠 

+  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

0

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠  𝑑𝑠 − 𝑋 𝑡, 0 𝜙 0  

− 𝑋 𝑡, 𝑠  

𝑡1

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑡1

−∞

𝑑𝜏𝑑𝑠 −  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

0

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠  𝑑𝑠 =   0. 

𝐼𝑡 𝑟𝑒𝑚𝑎𝑖𝑛𝑠 𝑡𝑜 𝑠𝑕𝑜𝑤 𝑡𝑕𝑎𝑡 𝑢 𝑖𝑠 𝑎𝑛 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑒𝑛𝑒𝑟𝑔𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. 𝑇𝑕𝑎𝑡 𝑖𝑠 𝑤𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑠𝑕𝑜𝑤  
𝑡𝑕𝑎𝑡 𝑢 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓𝑟𝑜𝑚 𝑡𝑕𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝐽 =  𝑡0 , 𝑡1  𝑡𝑜 𝑈  𝒖 ∶  𝒕𝟎, 𝒕𝟏 → 𝑼  𝑖𝑠 𝑖𝑛 𝑡𝑕𝑒 

 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑅𝑚 . 𝑖. 𝑒.  𝑢 ≤ 𝑟 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑟 > 0 𝑎𝑛𝑑 𝑟 ∈  0,1 . 
𝐵𝑦  𝑖𝑖  

 𝑍𝑇 𝑡1, 𝑠 𝑊−1 𝑡1, 𝑡0  ≤ 𝑏0 , 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑏0 > 0.  
𝑎𝑛𝑑 

 𝑋 𝑡1 , 𝑡0 𝑥𝑡1
 0  ≤ 𝑒−𝑎 𝑡1  ,𝑡0 , 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑏1 > 0 

𝐻𝑒𝑛𝑐𝑒, 

 𝑢 𝑡  ≤ 𝑏0 𝑏1𝑒𝑥𝑝 −𝑎 𝑡1 , 𝑡0    𝑏2

𝑡1

𝑡0

𝑒𝑥𝑝 −𝑎 𝑡1 , 𝑠  𝑒𝑥𝑝 −𝜌𝑠  

. 𝑇𝑕𝑢𝑠 , 

 𝑢 𝑡  ≤ 𝑏0 𝑏1𝑒𝑥𝑝 −𝑎 𝑡1 , 𝑡0   𝜌𝑏2𝑒𝑥𝑝 −𝑎𝑡1  2.19  

𝑆𝑖𝑛𝑐𝑒 𝜌 − 𝑎 ≥ 0 𝑎𝑛𝑑 𝑠 ≥ 𝑡0 ≥ 0 

𝑇𝑎𝑘𝑖𝑛𝑔  𝑡1 𝑠𝑢𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑙𝑦  𝑙𝑎𝑟𝑔𝑒, 𝑤𝑒 𝑕𝑎𝑣𝑒   𝑢 𝑡  ≤ 𝑟 , 𝑡 ∈  𝑡0 , 𝑡1  ,  
𝑠𝑕𝑜𝑤𝑖𝑛𝑔 𝑡𝑕𝑎𝑡 𝑢 𝑖𝑠 𝑎𝑛 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙. 
𝑁𝑒𝑥𝑡, 𝑤𝑒 𝑝𝑟𝑜𝑣𝑒 𝑡𝑕𝑒 𝑒𝑥𝑖𝑠𝑡𝑒𝑛𝑐𝑒 𝑜𝑓 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑝𝑎𝑖𝑟 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠  2.18  and 2.19 .  
Let E be the Banach space of of all functions  𝑥, 𝑣 :  𝑡0 − 𝑕 , 𝑡1 x 𝑡0 − 𝑕 , 𝑡1 → 𝑅𝑛x𝑅𝑚 , 
 where x ∈ E  𝑡0 − 𝑕 , 𝑡1 , 𝑅

𝑛  , u ∈ 𝐿2  𝑡0 − 𝑕 , 𝑡1 , 𝑅
𝑚   with the norm defined by 

  𝑥, 𝑣  =  𝑥 2 +  𝑥 2 ,  

where ,  𝑥 2 =    𝑥 𝑠  2

𝑡1

𝑡0−𝑕

𝑑𝑠 

1
2

;   𝑢 2 =    𝑢 𝑠  2

𝑡1

𝑡0−𝑕

𝑑𝑠 

1
2

. 

𝐷𝑒𝑓𝑖𝑛𝑒 𝑡𝑕𝑒 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝑇: 𝐸 → 𝐸 𝑏𝑦  
𝑇 𝑥, 𝑢 =  𝑦, 𝑣 , 𝑤𝑕𝑒𝑟𝑒  
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𝒗 𝒕 = −𝒁𝑻 𝒕, 𝒔 𝑾−𝟏 𝒕, 𝒕𝟎  𝑋 𝑡, 0 𝜙 0 +  𝑋 𝑡, 𝑠  

𝑡1

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑠

−∞

𝑑𝜏𝑑𝑠

+   𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

0

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠  𝑑𝑠  2.20  

 𝑓𝑜𝑟 𝑡 ∈  𝑡0 , 𝑡1   , 𝑎𝑛𝑑   𝑣 𝑡 = 𝜔 𝑡  , 𝑡 ∈  𝑡0 − 𝜆, 𝑡0 . 
 

  𝑦𝑡 𝜙 = 𝑋 𝑡, 0 𝜙 0 +  𝑋 𝑡, 𝑠  

𝑡

0

 𝑓 𝑠, 𝜏, 𝑥𝜏 𝜙  

𝑠

−∞

𝑑𝜏𝑑𝑠 

+  𝑑𝐻𝜃

0

−𝑕

 𝑋 𝑡, 𝑠 − 𝜃  

0

𝜃

𝐻 𝑠 − 𝜃, 𝜃 𝑢0 𝑠  𝑑𝑠 +   𝑋

0

−𝑕

 𝑡, 𝑠 − 𝜃 𝑑𝜃

𝑡

0

𝐻∗ 𝑠 − 𝜃, 𝜃 𝑢 𝑠  𝑑𝑠                                   2.21  

 

𝑓𝑜𝑟 𝑡 ∈  𝑡0 , 𝑡1   , 𝑎𝑛𝑑  𝑦𝑡 𝜙 = 𝜙 𝑡  ; 𝑡 ∈  𝑡0 − 𝜆, 𝑡0 . 
 

𝑊𝑒 𝑕𝑎𝑣𝑒 𝑎𝑙𝑟𝑒𝑎𝑑𝑦 𝑠𝑕𝑜𝑤𝑛 𝑎𝑏𝑜𝑣𝑒  𝑡𝑕𝑎𝑡  𝑢 𝑡  ≤ 𝑟 , 𝑡 ∈ 𝐽 =  𝑡0 , 𝑡1  𝑎𝑛𝑑 𝑣 ∶   𝑡0 − 𝑕 , 𝑡1 → 𝑈, 
𝒘𝒆   𝑣 𝑡  ≤ 𝑟 .  

𝐻𝑒𝑛𝑐𝑒,  𝒗 𝒕  𝟐 ≤ 𝒓 𝒕𝟏 + 𝒉 − 𝒕𝟎 
𝟏
𝟐 = 𝒄𝟎. 

𝐴𝑔𝑎𝑖𝑛 ,  𝑦𝑡 𝜙  < 𝑏1𝑒𝑥𝑝 −𝑎 𝑡 − 𝑡0  + 𝑏3   𝑣 𝑠  

𝑡

𝑡0

𝑑𝑠 + 𝜌𝑏2𝑒𝑥𝑝 −𝑎𝑡1  

𝑏3 = 𝑠𝑢𝑝 𝑍 𝑡, 𝑠  . 𝑆𝑖𝑛𝑐𝑒 𝑎 > 0 , 𝑡 ≥ 𝑡0 ≥ 0 , 𝑤𝑒 𝑐𝑜𝑛𝑐𝑙𝑢𝑑𝑒 𝑡𝑕𝑎𝑡 
 𝒚𝒕 𝝓  ≤ 𝒃𝟏 + 𝒃𝟑𝒂 𝒕 − 𝒕𝟎 + 𝝆𝒃𝟐 = 𝒄𝟏 , 𝑡 ∈ 𝐽, 𝑎𝑛𝑑 

 𝒚𝒕 𝝓  ≤ 𝒔𝒖𝒑 𝝓 𝒕  = 𝒅 , 𝒕 ∈  𝒕𝟎 − 𝝀 , 𝒕𝟎  
𝑯𝒆𝒏𝒄𝒆, 𝒊𝒇 𝒏 = 𝒎𝒂𝒙 𝒄𝟏 , 𝒅  , 𝒕𝒉𝒆𝒏  

 𝒚 𝟐 ≤ 𝒏 𝒕𝟏 + 𝒉 − 𝒕𝟎 
𝟏
𝟐 = 𝒄𝟐 < ∞, 𝑡 ∈ 𝐽 

𝐿𝑒𝑡 𝑘 = 𝑚𝑎𝑥 𝑐0 , 𝑐2  . 𝑇𝑕𝑒𝑛 , 𝑖𝑓 𝑤𝑒 𝑙𝑒𝑡 𝐵 𝑙 =   𝑥, 𝑢 ∈ 𝐸 ∶   𝑥 2 ≤ 𝑙 ;  𝑦 2 ≤ 𝑙   
𝑊𝑒 𝑕𝑎𝑣𝑒 𝑠𝑕𝑜𝑤𝑛 𝑡𝑕𝑢𝑠 𝑡𝑕𝑎𝑡 𝑇: 𝐵 𝑙 → 𝐵 𝑙 . 

𝑆𝑖𝑛𝑐𝑒 𝐵(𝑙) 𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑, 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑎𝑛𝑑 𝑐𝑜𝑛𝑣𝑒𝑥, 𝑏𝑦 𝑅𝑖𝑒𝑠𝑧 𝑡𝑕𝑒𝑜𝑟𝑒𝑚( 𝑺𝒆𝒆 𝑳. 𝑽.𝑲𝒂𝒏𝒕𝒐𝒓𝒐𝒗𝒊𝒄𝒉 𝒂𝒏𝒅 𝑮. 𝑷. 
𝑨𝒌𝒊𝒍𝒐𝒗(𝟏𝟗𝟖𝟐), 𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝐴𝑛𝑎𝑙𝑦𝑠𝑖𝑠, 𝑃𝑒𝑟𝑔𝑎𝑚𝑜𝑛 𝑃𝑟𝑒𝑠𝑠, 𝑂𝑥𝑓𝑜𝑟𝑑),𝑶𝒏𝒘𝒖𝒂𝒕𝒖(𝟏𝟗𝟗𝟑),𝐾𝑌𝐵𝐸𝑅𝑁𝑅𝑇𝐼𝐾𝐴, 

𝑉𝑂𝐿29,𝑁04, 𝑃𝑃325 − 336,𝑶𝒓𝒂𝒆𝒌𝒊𝒆(𝟐𝟎𝟏𝟖), ) 𝑖𝑡 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑢𝑛𝑑𝑒𝑟 𝑡𝑕𝑒  
𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛. 𝐻𝑒𝑛𝑐𝑒, 𝑠𝑦𝑠𝑡𝑒𝑚(2.1) 𝑖𝑠 𝑛𝑢𝑙𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒. 

IV. CONCLUTION 

In this work, necessary and sufficient conditions for the 

Semi linear IntegrodifferentialSystems in Banach spaces with 

Distributed Delays in Control to Null Controllable have been 

derived. These conditions are given with respect to Stability 

of Free Semi linear Base System and the Controllability of 

Semi linear Control Base System with the Assumption that 

the perturbation f satisfies some Smoothness and Growth 

Conditions. Computable Criteria for all these are reported. 

These results extended known results in the literature. 
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