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The 1-Good-Neighbor Diagnosability of
Shuffle-Cubes

Yingying Wang, Shiying Wang*, Zhenhua Wang

Abstract—The diagnosability is an important parameter in
measuring the fault tolerance and the reliability of
multiprocessor systems. In 2012, Peng et al. proposed a measure
for fault diagnosis of the system, called the g-good-neighbor
diagnosability that restrains each fault-free vertex containing at
least g fault-free neighbors. The shuffle-cube SQ, is a variation

of the n-dimensional hypercube Q, . In this paper, we show
that the 1-good-neighbor diagnosability of SQ, under the PMC
model and MM ™ model is 2n—3 for n>6.

Index Terms—g-Good-neighbor diagnosability, Interconnection
network, MM* model, PMC model, Shuffle-cube.

I. INTRODUCTION

Interconnection networks (networks for short) as
underlying topologies of many multiprocessor systems are
usually represented by a graph where the vertices represent
processors and the links represent communication links
between processors. We use graphs and networks
interchangeably. With a rapid increase in the number of
processors in the multiple-processor system, the possibility
that some processors may fail is rising. The reliability is one
of the most important topics concerning the
multiple-processor system and processors identification plays
an essential role for reliable computing. The process of
identifying the faulty processors is called the diagnosis of the
system. A system G is said to be t -diagnosable if all faulty
processors can be identified without replacement, provided
that the number of faults presented does not exceed t. The
diagnosability of G is the maximum value of t such that G
is t -diagnosable [1]. For a t -diagnosable system, Dahbura
and Masson in [2] proposed an algorithm with time complex
O(n**) , which can effectively identify the set of faulty

processors.

To identify the faulty processors, several diagnostic
models were proposed in the prior work. One major approach
is the PMC model introduced by Preparata et al. [3]. The
diagnosis of the system is achieved through two linked
processors testing each other. Another important model,
called the MM model, was proposed by Maeng and Malek
[4]. In the MM maodel, a vertex sends the same task to its two
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neighbors, and then compares their responses. The MM~ is a
specialization of the MM model in which each vertice must
test any two of its neighbors. In 2005, Lai et al. introduced a
restricted diagnosability called conditional diagnosability in
[5]. They considered the situation that any faulty set cannot
contain all the neighbors of any vertex in the system. In [6],
Xu et al. showed that the conditional diagnosability of the
n -dimensional shuffle-cube is 4n—15 for n=2(mod 4)

and n>10.1In 2012, Peng et al. proposed a measure for faulty
diagnosis of the system in [7], called the g-good-neighbor
diagnosability (also called the g-good-neighbor conditional
diagnosability), which requires that every fault-free vertice
contains at least g fault-free neighbors. In [7],[8], they
showed the g-good-neighbor diagnosability of the
n-dimensional hypercube under the PMC model and MM~
model. In [9], Xu et al. showed the g-good-neighbor
diagnosability of the complete cubic network under the PMC
model and MM~ model. Meanwhile, Yuan et al. in [10],[11]
determined the g-good-neighbor diagnosability of the k -ary

n-cube (k >3 and n>3) under the PMC model and MM~
model. Since the probability that one fault-free vertex has at
least one fault-free neighbor is much greater than the
probability that one faulty vertex has at least one fault-free
neighbor, the 1-good-neighbor diagnosability is more
practical than the conditional diagnosability. Recently, in
[12],[13], Wang et al. gave the g-good-neighbor
diagnosability of Cayley graphs generated by the
transposition trees under the PMC model and MM ™ model
for g=12. In [14], Zhao and Wang proved that the
1-good-neighbor diagnosability of augmented 3 -ary
n -cubes is 8n—10 under the PMC model and MM~ model
for n>4 . In [15], Hao and Wang proved that the
1-good-neighbor diagnosability of augmented k-ary n-cubes
under the PMC model and MM "™ model is 8n—9 for n>4
and k>4 . In [16], Jirimutu and Wang proved that the
1-good-neighbor diagnosability of alternating group graph
networks is 2n—4 for n>5 under the PMC model and
MM ™ model.

In this paper, we consider the 1-good-neighbor
diagnosability of the shuffle-cube which is a new
interconnection network topology presented by Li et al.[17].
The rest of the paper is organized as follows. Some
preliminaries are provided in Section 2 . Our main results are
presented in Section 3. Finally, the conclusion is given in
Section 4.
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Il. PRELIMINARIES

In this section, some definitions and notations needed for our
discussion, the PMC model and MM ™ model, and the
n-dimensional shuffle-cube SQ, are introduced.

A. Definitions and Notations
For convenience, the graphs and networks are used
interchangeably. Given a nonempty vertex subset V' of V ,
the induced subgraph by V' in G, denoted by G[V'], is a
graph, whose vertex setis V' and the edge set is the set of all
the edges of G with both endpoints in V'. The degree
d; (u) ofavertex u is the number of edges incident with u .
We use §(G) to denote the minimum degrees of vertices of
G, and d;(u,v) to denote the distance between u and v in
G . For any vertex u, we define the neighborhood N (u) of
u in G to be the set of vertices adjacent to u . Let

S cV(G).Weuse Ng(S) todenote theset | ]  Ng(u)C’s.

For the neighborhoods and degrees, we usually omit the
subscript for the graph G when no confusion arises. A graph
G is k -regular if d(u)=k for ueV(G). Let G=(V,E)
be a connected simple graph. The connectivity of G, denoted
by x(G), is the minimum number of vertices whose removal

results in a disconnected graph or only one vertex left. A
faulty set F <V is called a g-good-neighbor faulty set if

IN(V)N(V COF) =g for YveV [OF . Ag-good-neighbor cut
of a graph G is a g-good-neighbor faulty set F such that
G—F is disconnected. The minimum cardinality of
g -good-neighbor cuts is said to be the g-good-neighbor
connectivity of G, denoted by ¥ (G) . For the terminology
and notation which are not defined here, we follow [18].

B. The PMC Model and the MM~ model

In the PMC model [10], each processor (vertex) in the
faulty diagnosis system can perform tests on its neighbors.
For two adjacent vertices u and v in V(G), the ordered pair
(u,v) represents the test performed by u on v. The test

outputis 1 or 0 which implies that the vertex being tested is
faulty or fault-free. If the testing vertex is fault-free, then the
test outputs are reliable; otherwise the outputs are unreliable.
All the possible outputs of a test are shown in Table
\ref{tab:test}. The result of all the tests is called a syndrome
o . For a given syndrome o , a subset FcV(G) is

consistent with o if the syndrome o can be produced from
the situation that, for any ordered pair (u,v) such that

ueVIF , o(u,v)=1 if and only if veF . Let o(F)

denote all syndromes which F is consistent with. Under the
PMC model, two distinct sets K, and F, of V(G) are said to

be indistinguishable if o(F)no(F,) =< ; otherwise, F
and F, are said to be distinguishable. In other words,
(R, F,) is an indistinguishable pair if o(F)no(F,) =3 ;
otherwise, (F,F,) is a distinguishable pair.
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Table 1. Output of test under the PMC model

Testing vertex  Tested vertex Test output
fault-free fault-free 0
fault-free faulty 1
faulty fault-free Oorl
faulty faulty Oorl

In the MM model [10], a processor w sends the same task
to the pair of distinct neighbors, u and v, and then compares
their responses to diagnose a system G. The test, denoted by
(u,v),,, implies that u and v are adjacent to w, i.e., w can

compare the responses from u and v. The MM " model is a
special case of the MM model. If w,u,veV(G) and
wu,wv € E(G) , then (u,v),, must be a test. All the possible

outputs of a test are shown in Table \ref{tab:test2}. The
collection of all the comparison results is called the syndrome

o of the diagnosis. For a given syndrome o, a faulty set
F <V (G) is consistent with ¢ if and only if the following
conditions are satisfied: 1. If u,veF and weV(G)LF ,
then o ((u;v),)=1; 2. If ueF and v,weV(G) LIF, then
o ((uv), =1;3.1f uv,weV(G) LF , then o ((u,v),)=0.
The o can be produced from F and all the vertices in
V OF are fault-free. Since a faulty comparator can generate
an unreliable result, a set of faulty vertices may produce
different syndromes. Let o (F) denote all syndromes which

F is consistent with. Similarly to the PMC model, two
distinct sets F and F, in V(G) are said to be

indistinguishable if o(F)No(F,)= Y ; otherwise, F, and
F, are said to be distinguishable.
Table 2. Output of test under the MM ™ model

Testing vertex — Tested vertex Test output
fault-free fault-free, faulty-free 0
fault-free faulty, fault-free(or faulty) 1
faulty fault-free, fault-free Oorl
faulty faulty, fault-free(or faulty) Oorl

A system G =(V, E) is g-good-neighbor t -diagnosable if
F and F, are distinguishable, for each distinct pair of
g -good-neighbor faulty subsets F and F, of V with
|F,|,| F, [<t. The g-good-neighbor diagnosability t,(G) of

G is the maximum value of t such that G is

g-good-neighbor t -diagnosable.
C. The N -dimensional shuffle-cube

As a variation of hypercubes Q. , the n-dimensional

shuffle-cube SQ,, where n=2(mod 4), is obtained from
Q, by changing some links. For SQ, , the vertex set of SQ,
is represented by a set of n -bit binary string
u=u, U ,---Uu, Let p;(u)=u,,u,,---u,; and
s;(u)=u,_U,_,---uu, . The SQ, is recursively defined as
follows: SQ, is Q,. For n>3, SQ, consists of 16 graphs

SQXY, SQY, .-, SQMY and SQMY, where SQM for
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i; €{0,1} and 1< j<4 is obtained from SQ, , by adding a
4-bit binary string i,i,i,i, in the front of each vertex of SQ,_,
such that V (SQ¥2" ) = {i,i,i,i,u, &--UUy U, ¢+
eV(sQ,_,)} and E(SQr?i_zzifiA) ={(i,i,k5i,U, 5 ---U,Uy,
Vis Vi) T (U g+ -Wl, Vs ViV ) € E(SQ, )}
The vertices u=u,,u, ,---Uu, and v=v, v ,---VV, in
different (n—4) -dimensional graphs are linked by an edge in
SQ, if if s, ,U=s,,(v)
p, (L)@ p,(v) €V, (, , Where the symbol & denotes the

addition with modulo 2 and
V,, ={1111,0001,0010,0011} ,V,, ={0100,0101,0110,0111}

V,, ={1000,1001,1010,1011} , V,, ={1100,1101,1110,1111}.

U, Uy

iy,

and only and

0011 011 1011 11
0010 (u/{p 1oy _~11110
()/n/k/éf/ﬁ 100111101
1N .r G100 000 | 1100

00 01
Figure 1. The Shuffle-cube SQ; .

In Figure 1, we illustrate SQ, with edges only incident to
the vertices of SQ™® . As in [17], let n=4k+2 and

Ky k-1
U= Uy Uy~ UyUy =UgU,

--uzus . where uj =uu, and
U} =U,j U, U, U, , for 1< j<k. Then the two vertices
u and v of SQ, are adjacent if and only if one of the
following conditions holds:

Q) u ev/ eV, for exactly one j satisfying
1<j <k and u} =v} forall 0< j= j <k;

(2) ul ®V? €{01,10} and u) =v/ forall 1< j<k.
Lemma 2.1. [17] SQ, is n-regular and n-connected.

Lemma 22. [19] For n>6 , the 1-good-neighbor
connectivity of SQ, is 2n-4,i.e., x”(SQ,)=2n-4.
Lemma 2.3. [19] Let u and v be two adjacent vertices of
SQ, . If uj =v =00, then | N(U)AN(V)[< 2. If uj =00 or
vy %00, then | N(u)AN(v) |=0.

Lemma 2.4. [6] Let u and v be two nonadjacent vertices of
SQ, such that d(u,v)=2. If uj =00 and Vv, =00, then
INU)NN(V) <4 If u)=00 v =00 , then
IN(U)NN(WV) 2.

Lemma 2.5. [6] Let u and v be two nonadjacent vertices
with d(u,v) >3 in SQ,, then |[N(U)NN(V)|=0.

or
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Table 3. The number of common neighbors of any vertex pair
u and v

d(u,v) =1 d(u,v)=2

INU)AN(V)|<2
INU)AN(V) =0
INU)AN(V) =0

INU) AN (V) <2
INU)ANV) <2
INU)AN@) <4

u) =vy =00
ul =00 vi =00
ug =00 vo =00
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IIl. THE 1-GOOD-NEIGHBOR DIAGNOSABILITY OF
SHUFFLE-CUBES UNDER THE PMC MODEL AND MM* MDOEL

In this section, we shall prove the 1-good-neighbor
diagnosability of shuffle-cubes SQ, under the PMC model
and MM* model. Let F, and F, be two distinct subsets of
V(G) We define the symmetric difference
FAF, =(F, OF,) U(F, [R). Wefirst give two sufficient and
necessary conditions for a system to be g-good-neighbor
t -diagnosable under the PMC model and MM ™ model.
Theorem 3.1. [10] Under the PMC model, a system
G =(V,E) is g-good-neighbor t -diagnosable if and only if
there is an edge uveE with ueV (R UF,) and
v e FAF, for each distinct pair of g -good-neighbor faulty

subsets F,F, of V(G) with |F |,| F, [<t (see Fig. 2).

Fi F Fy Fy
"0 Oy
SOl (ﬁ?

Figure 2. Illustration of a distinguishable pair (F,,F,) under
the PMC model.
Theorem 3.2. [10]Under the MM * model, a system
G =(V,E) is g-good-neighbor t -diagnosable if and only if
each distinct pair of two g -good-neighbor faulty subsets F
and F, of V(G) with |F|,|F,|<t satisfies one of the
following conditions (see Fig. 3).

(1) There are two vertices u,weV(G)(F wF,) and

there is a vertex ve RAF, such that uwe E(G) and
vw e E(G);

(2) There are two vertices u,veF [F, and there is a
vertex weV(G)[I(FuwF,) such that uweE(G) and
vw e E(G);

(3) There are two vertices u,veF, [JF and there is a
vertex weV(G)[(FuwF,) such that uweE(G) and

vw e E(G).
Fy F5
(u v v/ )1' v u‘\,‘
QYRR Y,
2y &1)(1} (3)
D w W
u U
www.ijntr.org



Fig.3. Illustration of a distinguishable pair (F;, F,)
under the MM ™ model.

Lemma 3.1. For n>6, let u=0000---000000 = uy - --u;u; ,
v=ug--ui(u; ®e)uy where e=0001 , A={u\v} ,
F=N(A) and F,=AUN(A) . Then |F|=2n-4 ,

|F, [=2n-2, 5(SQ, —F,)>1 and 5(SQ, —F,)>1.

Proof. By the definition of SQ,, uve E(SQ,) . Note that
eeV, and ul =00 . By Lemma 2.3, |[N(U)NN(V)[<2.
Since  N(u) mN(v) ={0000---001000,0000---001100}
INWNNW) =2 Thus,

Proof. By the definition of the 1 -good-neighbor
diagnosability, it is sufficient to prove that SQ, is

1 -good-neighbor (2n-3) -diagnosable. To prove the

statement, by Theorem \ref{T-g-good-t-diag}, it is equivalent
to show that there exist two vertices u eV (SQ,) (R, UF,)

and v e RAF, such that uv e E(SQ,) for each distinct pair
of 1 -good-neighbor faulty subsets F, and F, of V(SQ,)
with |F || F, [€£2n-3.

The proof proceeds by way of contradiction. By Theorem

3.1, we suppose that there are two distinct 1 -good-neighbor
faulty subsets F, and F, of V(SQ,) with |F |,|F, [£2n-3

such that there are no edges between V (SQ,) [(F, U F,) and

IR HNU), {3 +INWV), {u}|—|N(u)mN(v)|—n _1+n-1FAEpn _Without loss of generality, we assume that

and |F,|HF|+|Al=2n-2 . Next, we will prove
6(SQ,-F,)=>1.
Casel. n=6.
Since u=000000 and v=000100 , we have

F, = N(A) ={000010, 000001, 001000,001100,111100, 000110, 00

It is easy to see that SQ,—F, is connected and
0(SQ, —F,) 1. Combing this with that 5(SQ;[A]) =1, we
have 6(SQ,—F)>1.

Case 2. n>10.

Let w be an arbitrary vertex of SQ, —F, . By Lemma 2.4,

INW)AN@u)|<4 and |[N(W)NN(v) <4 Then
INW)NF [<8. Thus, | Ng, ¢ (W)[zn-82=2 for n>10.
This means 6(SQ,-F,)=1 .
0(SQ,[A]) =1, &(SQ,-F)=1.

The proof is complete.
Lemma 3.2. For n>6, the 1-good-neighbor diagnosability

of SQ, under the PMC model and MM~ model is less than
2n-2,ie., t(5Q,)<2n-3.

Proof. Let A, F, and F, be defined as Lemma 3.1. By
Lemma 3.1, |R|=2n-4, |F, |=2n-2, o(SQ,-F)=1
and o6(SQ,—-F,)=1 . Thus, F and F, are both
1-good-neighbor faulty sets of SQ, with |F |,|F, [£2n-2.
Since A=FAF, and F, =N(A) c F,, there are no edges of
SQ, between V(SQ,)[(F, wF,) and FAF,. By Theorem
3.1 and Theorem 3.2, we can deduce that SQ,
1 -good-neighbor (2n—2) -diagnosable under the PMC

Combing this with that

is not

model and MM ™ model. Therefore, by the definition of the
1 -good-neighbor diagnosability, we can deduce that the
1 -good-neighbor diagnosability of SQ, under the PMC

model and MM ~

t(SQ,) <2n-3.
The proof is complete.

Lemma 3.3. For n>6, the 1-good-neighbor diagnosability

of SQ, under the PMC model is greater than or equal to

2n-3,i.e, t,(SQ,)=2n-3.

v/
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model is less than 2n—-2 , i.e,

F, OF =& . Suppose that V(SQ,)=F uF, . By the
definition of SQ, , |V(SQ,)=2" Then
2" FUF,KF|+|F|=2n-3+2n-3=4n-6 . Since

2" >4n 6 for n>6, this is a contradiction. Therefore,

# F u F .

Oilitlh 0}
ere are no edges between V(SQ,) [(F, wF,) and
FAF, , SQ —-F has two partts SQ —F—F, and
SQ,[F, TR ] (for convenience). Combing this with that F, is
a 1-good-neighbor faulty set, &(SQ,-F -F,)>1 ,
SGQIF, CRD=1 , and |F R[22 . Similarly,
5(SQn[F1 DFZ]) >1 when Fl DFZ + . Thus, Fl ﬁFZ is a

1-good-neighbor faulty set. Since there are no edges between
V(SQ,) (R UF,) and FAF,, we have that F NF, is a
1 -good-neighbor cut. By Theorem 2.2, | nF, [>2n-4.
Then |FHF R |+|FEnF22+2n-4=2n-2
contradicting the supposition that | F, |[<2n—3. Therefore,
SQ, is 1 -good-neighbor
t(SQ,)=>2n-3.
The proof is complete.

Combining Lemma 3.2 and Lemma 3.3, we have the
following theorem.

(2n—3) -diagnosable, i.e.,

Theorem 3.3 For n>6, the 1-good-neighbor diagnosability
of SQ, under the PMC model is 2n-3 , i.e,

,(5Q,) =2n-3.

Lemma 3.4. For n>6, the 1-good-neighbor diagnosability
of SQ, under the MM ™ model is greater than or equal to
2n-3,i.e., t(5Q,)=2n-3.

Proof. By the definition of the 1-good-neighbor
diagnosability, it is sufficient to show that SQ, is

1-good-neighbor (2n—3) -diagnosable. By Theorem 3.2,

suppose, on the contrary, that there are two distinct
1-good-neighbor faulty subsets F and F, of SQ, with

|E || F, [£2n-3, and the vertex set pair (F,F,) does not
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satisfy with any one condition in Theorem 3.2. Without loss
of generality, we assume that F, [F =< . A similar

argumenton .V (SQ,) # K UF, . in Lemma 3.3 can be used to
establish that  V(SQ,) =R UF, Therefore,
V(SQ,) = K UF,.

Claim 1. SQ, —F, —F, has no isolated vertex.

Suppose, on the contrary, that SQ, —F, —F, has at least
one isolated vertex w . Since F, isa 1-good-neighbor faulty
set, there is at least one vertex u € F, [JF, such that u and w
are adjacent. Note that the vertex set pair (F,F,) does not

satisfy with any one condition in Theorem 3.2. By the
condition (3) of Theorem 3.2, there is at most one vertex
ueF, [F such that u and w are adjacent. Thus, there is

just one vertex u e F, [JF, such that u and w are adjacent.
Similarly, there is just one vertex v e F, [JF, such that v and
w are adjacent. Clearly, KR =& . Let
W cV(SQ,) (R wF,) be the set of isolated vertices in
SQ,IV(8Q,) (R wF,)] and H be the induced subgraph by
the vertex set V(SQ,) (K wF, W) . For any arbitrary
vertex weW, there are (n—2) neighbors in F nF,. Since
|F, |<2n-3 ,

3 Neg iy (W HW (-2 < Y dgy () <n|FAF,|

weW veRNF,
<n( R |-D<n(@n—-4). Then |W|<2n. We assume that
V(H)=2 . Then |V(SQ)HR VR, [+|WI|dF[+|F]
+|W|£2(2n-3)+2n=6n-6<2" for n>6, which is a
contradiction to |V (SQ,)|=2".So V(H) = .

Since H contains no isolated vertex and (F,F,) does not

satisfy with the condition (1) of Theorem 3.2, there are no
edges between V(H) and FAF,. Thus, K nF, is a vertex

cutof SQ, . Since F isa 1-good-neighbor faulty set of SQ, ,
we have that S(H)>=1 and o(SQ,Wu(F, [R)])=1.
Similarly, F, isa1-good-neighbor faulty set of SQ, , we also
have o(SQ,W u(F IR)] =21 Then
S(SQ,W U (R R)u(F, (R)])=>1 Note that
SQ,—(F nF,) has two parts (for convenience): H and

SQWuU(R [R)uU(F, [R)] . Therefore, ENF, is a
1 -good-neighbor vertex cut of SQ, . By Lemma 2.2,
|FENF, [22n-4 Since |E||F [£2n-3 ,

|IRRHF, (F|I=1. Let ueF,[F, and ve K [F, . By
Lemma 2.3 and Lemma 2.4, |W [ N(U)NN(v)|<4. We

consider the following cases.
Case 1. 3W 4.

Let g, Wy, W =W

| N, tr,r,1 (W) Bl Nog g5, -y (104, W, W) |
thatu,v are adjacent. By Lemma 2.3, u,v have at most two
common neighbors. This means |W|<2 , which is a

Then
Suppose

contradictionto 3<|W |<4. So u,v are nonadjacent. Clearly,
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Nu) fw,w,, w}c FEnF,, NV)Hw,w,, w}cFnF,,
Nw) {uvickFnF, , N(Ww,)uvicFknF,
N(w,) {u,v}c F, "F,. Suppose that u} =00 or vj =00.
By Lemma 2.4, [N(U)NN(Vv)|£2. This means |W[£2,
which is a contradiction to 3<{W |<4. So uj =00 and
vi#00 . By Lemma 24, |NUNNW[K4 ,
INW)NINMW,) <4, [NW) [N N(w;)[<4
IN(W,)| | N(w,) [<4. Since w,,w,,w, are three common
neighbors of u,v , we have
| Ngo, 17,7, (U) M Ngo 7, (V) [€1. By Lemma 2.3, we have
INU)AN(W)|=0 and |[N(V)AN(w)|=0 for i=12,3.
Then

| FL O Fy 2 N(U) g, Wy, Wa |+ N(V) ({wg, W, Wot| +
IN(wy) C{u, VEH +N(W,) 5 {u, v+ N(w;) Ku, v}

= Nso 1, ~r1 W NN 1 6 (V) | _Z IN(U) AN (W) |

I<i<3

- Z IN(V) AN (W) [—| Nso,trAF] (W) Nso 1R A1 (W) |

1<i<3
- | NSQ“[Flsz] (Wl) M NSQ“[Flsz] (WS) | - | NSQH[FlmFZ] (WZ) M

Ngo, 1rnr (Ws) 2 2x(N=3) +3%x(n-2) -1-0-0-3x2
=5n-19 : Thus,
|IEHFR K |+|F, F[Z51-19+1=5n-18>2n-3
for n>6, a contradictionto | F, |[<2n-3.

Case2. |[W|=2.

Let W ={w,,w,}. Then wyv,wu,w,v,w,u € E(SQ,) .

Case 2.1. u,v are adjacent.

Clearly, N(u) {w,w, v}c F nF, ,
NV) {w,w,,u}c FnF,, Nw){uVv}cEnF, , and
N(w,) {uvic FnF,.

Suppose that uj #00 or v; #00 . By Lemma 2.3,
IN(uUyAN(v)|=0 . This means |[W|=0 , which is a
contradiction to |W |=2. So uj =00 and v; =00 . Suppose

that [w,]S = 00. By Lemma 2.3, |[N(u)~N(w,)|=0. Since
v isacommon neighbor of u and w,, this is a contradiction.
So [w] =00 . Similarly, [w,];=00. By Lemma 2.3,
INUNN(V) <2 , [INUWNN(Ww)<£2 ,
INUWNANMW,)I€2 ,  |[NV)NNWw)£2
INV)AN(w,)[<2 . Since
neighbors of u and v, [N, (1 (U) N Ngg (r r (V) [0

and

, and

, and

w,w, are two common

By using the similar argument, we  have
| Nso, tr.ne,1 (W) M Ngg 1,y (U) €1 ,
| Nso. (FnF ] (w)n Nsg 1FnR1 W) =1 )
| Nso, 17, 7,1(Wo) N N 1, 5,1 (U) [S1 , and
| N, 17, 7,1(Wo) M N -, (V) [€1 By Lemma 2.4,

| N(w,) "N(w,) [<2. Since u,v are two common neighbors
of w, and w,, | Ng r k(W) M N 7, (Wo) [0 . Then
|RNF|
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2| N(u) LW, Wy, VH +[N(V) (wg, W, U]+ N(w;) {u, v
+| N(Wz) L{U,V}| _l NSQn[FlmFZ](u) M NSQ”[FIF\FZ](V) |

- NSQ"[FmFZ](Wl) M NSQH[FlmFZ](u) | =1 NSQ"[FlmFZ](Wl) N
NSQH[FlmFZ](V) [—1 NSQH[FlmFZ](WZ) M NSQH[FlmFZ](u) |-

I Nsg,trnr1(W2) M Neg 1k, 1 (V) T = Nog 17, (W) D

Nso trnr1 (Wo) 2 2(N=3)+2(n—2)-0-4x1-0=4n-14
Thus,

|IEHRNFE |+|R\F,[24n-14+1=4n-13>2n-3 for
n>6, acontradictionto | F, [<2n—3.

Case 2.2. u,v are nonadjacent.

Obviously, N(u) fw, w,}c F,NF, ,
NW) fw,w,}c FnF, , Nw)XuvicFEnF, , and
N(w,) Ku,v}c F nF,.

Case 2.2.1. n=6.

Case 2.2.1.1. uf =v; =00.

Since n=6 and uj =v? =00, we have u; =V, . Suppose
that [w,]; =00 . Since uw, € E(SQ,), by the definition of
SQ, ., u;®[w]l {0110} and u;=[w]; .
v; =[w,J; . Thus, we have u; =V, , which is a contradiction
So [w]=00 .

W] =u, @e =V, e, :

Similarly,
to u;=v, . Similarly, [w,]; =00 .
Meanwhile,
W] =u; ®e, =v, De, , where e,e,,e,,e, eV, . Since
w,,w, are nonadjacent, we have [w]; ®[w,]; ¢V, , i.e.,
(u; @)D (Ul ®e,) 2V, . Since u; ®u; =0000, we have
e e, ¢V, . Therefore, either e =1111 or e, =1111.
Similarly, either e, =1111 or e, =1111. Without loss of
that e =1111
W], =u; ®e =v, @e, and u; =V, , we have e, #¢,. This
e, #1111 Then e, =¢ =1111
e,,e, €{0001,0010,0011} . Thus, w, = (u; ©1111)00 and
w, = (v; ®1111)00. By the definition of SQ,, it is easy to
see that |N(w)|nN(Uu)|=0 and |N(w,)|~N(\)|=0 .
Since w, =(v; ®e,)00 and w, =(u; ®e,)00 , we have
N(w,) "N (v) ={(v; D¢ )00),e {0001,0010,00113\{e,}},
and

N (w,) "N (u) ={(u; ®¢,)00),e, €{0001,0010,0013}\{e,}}

, e, INW)NNM) =2 and |[N(W,)nN@Uu)|=2 . By
IN(U)NN(V) <2
Since w,,w, are two common neighbors of u and v,
| Nsg, 17, ~p,1 (U) M Ngg 1 4, (V[0

| NSQn[FlmFZ] (Wl) N NSQ,‘[FlmFZ] (Wz) =0

|Fo R, 2 N ) o, Wl + N i, W} +
| NQw) U,V + N (W) v}

_l NSQH[FM\FZ] (W]_) M NSQH[FlmFZ] (V) | - | NSQH[Flr\FZ] (Wl) M
Nisq.tr k1 (W =1 Nsg e, -1 (Wa) N Ny e 1,y (U |

—| Neg, 17,71 (W2) N Ng 1 m (W 1 = I N 1,1 (W) N Nigg 15, (V) |

v/
N{‘.xl?gcn

Re:

generality, we  assume Since

means and

Lemma \ref{uv-nonadja-neighbor},

Similarly,
Then

—| Ngg. i nr (W) NN W,)[24x(n-2)-2-0-2-0
-0=4xn-12 . Thus,
|IFHFENF,|+|R R, [24n-12+1=4n-11>2n-3 for
n=6, which is a contradiction to | F, |[<2n-3.

Case 2.2.1.2. u) =00 and v{ #00.

By Lemma 24, INUNN(V)I£2
IN(w)NN(W,)|<4 . Since w,w, are two common
neighbors of u and v, [Ngg ¢ (U) N N 6, (V) [=0

SQy[FNF]

and

Similarly, | Ngo trr,1 (W) NN 15 r, 1 (Wo) €2 By Lemma
2.3, INUWNNMW)I|£2 INUWNNMW,)|I<2
INV)AN(MW)|=0 , and |[NMV)NN(w,)|=0 Thus,
| RN RIN(U) C{w, W 3+ N(V) w, wo |+ N(w) |
{u v+ N(W,) U, V3 = Ng, 7, ~p,1 (W) NN 1,y (U) |
- NSQH[FlmFZ](Wl) M NSQn[FlmFZ](V) [—1 NSQH[FlmF2](W2)
r\NSQ"[Flsz] (U) I - | NSQH[FlmFZ] (WZ) M NSQH[FlmFZ] (V) |

~ Nsg 15~ (W N N 1 m (D | = I Neg, 1, (W) 0
Ngo, i rp (Wo) 2 4x(N-2)—-2-0-2-0-0-2=4n-14
Thus,

IEHFRNF|+|F, F[>4n-14+1=4n-13>2n-3
for n=6, which is a contradiction to | K, |[<2n-3.

Case 2.2.1.3. u; =00 and v, =00.

By Lemma 2.3, INU)NNMW,) =0, | N(u)nN(w,) |=0,
INV)AN(W,)|=0,and | N(v)"N(w,) |=0. By Lemma 2.4,
|N(u)NN(v) [£4. Since w,,w, are two common neighbors
of u and v, [N, g nr (U) N Ngo 15, (V) 2. Similarly,
| Nso,tFrF,1 (W) Nso,tFF,1 (w,) <2 Then
| R F PIN(U) T, Wo [+ N(V) (v, o}
+| N(wp) LU, VH A+ N(W,) {u, V3 =] N e o,y (W) 0
NSQn[FlmFZ](u) | _I NSQn[FlmFZ](Wl) M NSQH[FlmFZ](V) I -
| NSQH[Flsz](WZ) M NSQ"[FlmFZ](u) [ -1 NSQ,‘[FlmFZ](WZ) M NSQH[Flsz](V) |
- | NSQ,‘[FlmFZ] (Wl) M NSQH[FlmFZ] (WZ) | - | NSQn[FlmFZ] (U) M
No trnr (V) 2 4x(N—2)-4x0-2x2=4n-12 Thus,
|IEHFRNF|+|F R [>4n-12+1=4n-11>2n-3 for
n=~6, which is a contradiction to | F, |[<2n-3.

Case 2.2.2. n>10.

By Lemma 2.3, IN(W)NNU)[£2, [N(W)N(V)|£2,
INW,)AN(Uu)|<2, and |[N(W,)"N(v)|<2. By Lemma
24, INUNN(W)|<4 and |N(W)NNMW,)|<4 . Since
u,v are two common neighbors of w, and w,, we have that
| Nso, trnr,1 (W) N Ngg 1 g (W2) €2 Similarly,
| Nso, 177,71 (U) N Ng 16, ~p, (V) [€2 Then
| R RINQU) C{w, W3+ N(V) {wg, wo 3+ N(w) U, v}
+IN(w,) {u, v} | NSQn[FlmFZ](Wl) M NSQn[FlmFZ](V) |
= | Nso, 17,71 (W) NN 17 - (U = | Ng 1, -, (W)

mNSQn[FlmFZ](u) [ -1 Nson[FlmFZ](Wz) M Nson[Flsz](V) |
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_l NSQn[FlmFZ] (U) M NSQH[FlmFZ] (V) | - | NSQH[FlmFZ] (Wl) M
Nso,trnr1 (Wo) 2 4(N—2) —4x2-2x2=4n-20.
Thus,
IEHRNF |+|F R [24n—-20+1=4n-19>2n-3
for n>10, which is a contradiction to | F, |[<2n—-3.

Case 3. |W |=1.

Let W ={w}. Then wu,wveE(SQ,).

Case 3.1. u,v are adjacent.

Clearly, N(u) w,,v}c F nF,, N(v) {w,u}c F nF,,
Nw) {uVv}c K nF, By Lemma 2.3,
[N(@Uu)~N(v)[£2. Since w, is one common neighbor of u

and

and v, |Ngggry (W) NN g (VIS . Similarly,
| NSQn[Fszl(u) M NSQH[FlmFZ](Wl) <1 and
| Nog, 1571 (V) M Nog 5 r,1 (W) <1 Then

R AR BRIN(U) C{w, VH+INQ) {w, ul |+ N(wy) {u, v
= NSQH[FmFZ](Wl) M NSQn[FlmFZ](V) [ -1 NSQH[FlmFZ](Wl) M
NSQH[FlmFZ] (u) | _l NSQn[FlmFZ] (U) M NSQH[FlmFZ] (V) |2 3(” - 2) -3
x1=3n-9 . Thus,
|IFEHFRNF |+|ROF 23n-9+1=3n-8>2n-3  for
n>6, a contradiction to | K, |[<2n-3.

Case 3.2. u,v are nonadjacent.

Clearly, N(u) {w}cFnNF, ,
and N(w,) {uv}c FEnF,.

Case 3.2.1. uj =00 and v§ =00.

By Lemma \ref{uv-nonadja-neighbor}, | N(u) " N(v) £ 2.

N(V) {w}c FnF, ,

Since w, is one common neighbor of wuyv
Nso,trrr1 (W) N Ng i (V) <1 By Lemma 23,
| Nso,trnmy (W) Nig g5, (U) [ 2 Similarly,
| N, trinr,1 (W) Ngo 1,6, (V) €2 Then

[F AR 2 N(U) W+ N(v) wd+N(w) {u,v}

- NSQH[FlﬁFZ](Wl)m NSQH[Flsz](u) | -1 Nscgn[lrsz](Wl)m
Nso,t5,51 (M 1= Neg trnr,1 (W) N Ngg 17 p, (V) 2 N=1+n -1
+n—2-2-2-1=3n-9. Thus, |KF HF NF,|+|F R |
>3n-9+1=3n—-8>2n-3 for n>6, a contradiction to
|F [<£2n-3.

Case3.2.2. Uy =00 and v§ = 00.

By Lemma \ref{uv-nonadja-neighbor}, N(u)~N(v)<2.
Since w, is one common neighbor of u and v ,
Nso. trnr1 (W NN (rr (V) <1 By 2.3,
INUNNMW) €2 and |[NV)NN(W)=0 Then
[F AR RINQ) LW+ N(V) k| +N(w) {u, v} -
| NSQn[FlmFZ](Wl) M NSQ,,[FlmFZ](u) [ -1 NSQn[FlmFZ](Wl) N
Nso,trrr1 (V=1 Ngg tr, -5 (DN Neg 15, (V) 2N =14+n -1+
Nn—-2-0-2-1=3n-7.Thus, |F | FENF |+|F R |
>3n—7+1=3n—6>2n-3 for n>6, a contradiction to
|F [<£2n-3.

v/
chl?gcn
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Case 3.2.3. uJ #00 and vJ = 00.
By Lemma 2.4, |[N(U)nN(v)|<4 . Since w, is one

common neighbor of u and v ,
Nso, 151 (U) N Ny 16, (V) <3 By Lemma 2.3,
INWNANMW)=0 and |[NMNN(W)|=0 Then

| AR BINU) w3+ N(Y) Wi+ N(w) {u, v}

= NSQH[FlmFZ](Wl)m| NSQH[FlmFZ](u) | =1 NSQn[FlmFZ](Wl) M

| NSQn[FlﬂFz] (V) | - | NSQn[Flf"Fz] (U) M NSQn[Flszl (V) |2 n-1l+n-1+n

—2-0-0-3=3n-7 : Thus,
|IRHRNFK|+|R LR 23n-7+1=3n-6>2n-3  for
n>6, acontradictionto | F [<2n-3.

Therefore, SQ, —F, —F, has no isolated vertex. The proof

of Claim 1 is complete.
Let weV(SQ,)[(F UF,). By Claim 1, w has at least

one neighbor in SQ, —F, —F,. Note that the vertex set pair
(R, F,) does not satisfy with any one condition of Theorem

3.2. By the condition (1) of Theorem 3.2, for any pair of
adjacent vertices w,u eV (SQ,) (K wF,) , there is no

vertex v e FAF, such that wv € E(SQ,) . It follows that u
has no neighbor in FAF,. By the arbitrariness of w, there
are no edges between V(SQ,)(F wUF,) and FAF, . If
F.nF, =0, then FEAF, =F UF,. This means SQ, is not
connected, a contradiction. Therefore, FNF, #< and
FNF, is a vertex cut of SQ, .
1-good-neighbor faulty set and F, OF, =<, we have that
4(SQ.[SQ, - F —F,]) =1 and 6(SQ,[F, CR])>1. Suppose
that FIF,=< . Then FnF,=F . Since F is a
1-good-neighbor faulty set of SQ, , we have that
F, nF, =F is a 1-good-neighbor faulty set of SQ,. Since
there is no edge between V (SQ,) O(F, WF,) and F, OF, we
can deduce that F nF, =F is a 1 -good-neighbor cut of
SQ, . Suppose that F, OF, =< . Note that SQ, —(F NF,)
has three parts (for convenience): H , SQ,[F UF,] and
SQ,[F, OF]. Since F,F, are two 1-good-neighbor faulty
sets of SQ, , o(H)=1 , OS(SQ,[RCR]=1 and
O(SQ,[F, OR]) =1. Obviously, |F, OF, 2. Thus, F,nF,
is a 1-good-neighbor cut of SQ, . By Theorem 2.2,

Since F is a

|FENF, [>22n-4 . Then
|IFEHF R |+|FnF[22+2n-4=2n-2 ,  which
contradicts | F, [£2n-3 Therefore, SQ, is
1-good-neighbor (2n-3) -diagnosable, ie.,

t(SQ,)=2n-3.

The proof is complete.

Combining Lemma 3.2 and Lemma 3.4, we have the
following theorem.

Theorem 34. For n>6 , the 1 -good-neighbor
diagnosability of SQ, under the MM ™ model is 2n-3, i.e.,
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£(5Q,) =2n-3.

IVV. CONCLUSIONS

In this paper, we investigate the problem of the
1-good-neighbor diagnosability of the n -dimensional
shuffle-cube SQ,. We determine that the 1-good-neighbor

diagnosability of SQ, under the PMC model and MM ~

model is 2n—3 for n>6 . This work will not only help
researchers to discuss g -good-neighbor diagnosability of

SQ, for g>2, but also help engineers to develop more

different measures of the 1-good-neighbor diagnosability
based on application environment and statistics related to
faulty patterns.
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