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and 2-good-neighbor Diagnosability
of Crossed Cubes
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Abstract— The reliability of an interconnection network is an
important issue for multiprocessor systems. We know that
connectivity and the diagnosability are two important
parameters for measuring the reliability of an interconnection
network. In 2012, Peng et al. proposed the g -good-neighbor

diagnosability, which has been widely accepted as a new
measure of the diagnosability by restricting that every fault-free
vertex contains at least g fault-free neighbors. As an
important variant of the hypercube, the n -dimensional crossed

cube CQ, has many good properties. In this paper, we show
that (1) the 2-good-neighbor connectivity of CQ, is 4n—8 for
n>4, (2) CQ, is tightly (4n—8) super 2-good-neighbor
connected for N> 6 and (3) the 2-good-neighbor diagnosability
of CQ, is 4n—5 under the PMC model and MM* model for
n>5.

Index Terms—Interconnection network, Crossed cube,

Connectivity, Diagnosability

I. INTRODUCTION

Mass data processing and complex problem solving have
higher and higher demands for performance of
multiprocessor systems. Many multiprocessor systems have
interconnection networks (networks for short) as underlying
topologies and a network is usually represented by a graph
where nodes represent processors and links represent
communication links between processors. The network
determines the performance of a multiprocessor system. So
study of topological properties of its network is important.
However, a system of nodes may be faulty when the system is
in operation. The fault diagnosis is used to identify faulty
processors in a system. All the faulty nodes are replaced by
fault-free nodes after a system has been diagnosed. The
diagnosability of a system is the maximum number of faulty
nodes that can be found during the fault diagnosis. For a
diagnosable system, Dahbura and Masson [2] proposed an

algorithm with time complex O(n*°) , which can effectively

identify the set of faulty processors.

To diagnose a system, several different models have been
proposed. Two important diagnosis models are the Preparata,
Metze, and Chien's (PMC) model [9] and the Malek and
Maeng's (MM) model [7]. In the PMC model, only
neighboring processors are allowed to test each other. In the
MM model, a node tests its two neighbors, and then compares
their responses. Sengupta and Dahbura [11] suggested a
special case of the MM model, namely the MM* model and

each node must test its any pair of adjacent nodes in the MM*.

They also presented a polynomial algorithm for identifying
faulty nodes in a system under the MM* model if the system
is diagnosable.
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A new measure of a system called the g -good-neighbor

diagnosability was introduced by Peng et al. [8] in 2012,
which restricts that every fault-free node contains at least g

fault-free neighbors. In [8] they proved that the
g -good-neighbor diagnosability of the n -dimensional
hypercube under the PMC model is 2°(n—g)+2° -1 for
0<g<n-3. In 2016, Wang and Han [12] showed the
g -good-neighbor diagnosability of the n -dimensional
hypercube under the MM * model. In [5], Liu et al.
determined that the g -good-neighbor diagnosability of the
exchanged hypercube under the PMC model is
29(s+2-g)—-1for 1<s<t and 0<g<s. In 2016, Xu et
al. [18] showed the g -good-neighbor diagnosability of
complete cubic networks under the PMC model and MM~

model. In 2016, Ren and Wang [10] gave some properties of
the g -good-neighbor diagnosability of a multiprocessor

system. Yuan et al. [19,20] studied that the g -good-neighbor
diagnosability of the k -ary n-cube (k >3) under the PMC
model and MM model. In [13,14], Wang et al. proved that
the g -good-neighbor diagnosability of the Cayley graph
generated by the transposition tree under the PMC model and
MM * model for ge{,2}. In 2017, Wang et al. [15]

determined that the 2-good-neighbor connectivity and
2-good-neighbor diagnosability of the bubble-sort star graph.

The n -dimensional hypercube is a major type of
interconnection networks. As an important variant of the
hypercube, the n -dimensional crossed cube [3] (denoted by

CQ, ) has better properties such as smaller degree, diameter
and average distance. In this paper, we proved that (1) the
2-good-neighbor connectivity of CQ, is 4n—8 for n>4;
(2) CQ, is tightly (4n—8) super 2-good-neighbor
connected for n>6; (3) the 2-good-neighbor diagnosability
of CQ, is 4n—>5 under the PMC model for n>5; (4) the
2-good-neighbor diagnosability of CQ, is 4n—5 under the
MM* model for n>5.

Il. PRELIMINARIES

A. Notations

A multiprocessor system is modeled as an undirected
simple graph G =(V,E), whose vertices (nodes) represent
processors and edges (links) represent communication links.
The degree d.(v) of a vertex v is the number of edges
incident with v. The minimum degree of a vertex in G is
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denoted by S5(G) . For a vertex v, Ng(v) is the set of
vertices adjacentto v in G. Given a nonempty vertex subset
V' of V, the induced subgraph by V' in G, denoted by
G[V '], is a graph, whose vertex set is V' and the edge set is
the set of all the edges of G with both endpoints in V'. For
ScV(G), let Ng(S)=u,.s N;(W)\S . A cycle with length
n is called an n-cycle. We use P=vyv,---v, to denote a
path that begins with v, and ends with v, . A path of the
length n is denoted by n -path. A bipartite graph is one
whose vertex set can be partitioned into two subsets X and
Y , so that each edge has one end in X and one end in Y ;
such a partition (X,Y) is called a bipartition of the graph. A
complete bipartite graph is a simple bipartite graph with
bipartition (X,Y) in which each vertex of X is joined to
each vertex of Y . If | X]J=m and |Y |=n, such a graph is
denoted by K .

graph G is the minimum number of vertices whose removal
results in a disconnected graph or only one vertex left when
G is complete. Let F and F, be two distinct subsets of V ,

The connectivity x(G) of a connected

and let the symmetric difference FAF, =(F\F,)U(F,\F).

For graph-theoretical terminology and notation not defined
here we follow [1].
Definition 2.1 [19]. Let G =(V,E) ba an undirected simple

graph. A faulty set F <V is called a g -good-neighbor
faulty set if |[N(vV)N(V\F)[=g for every vertex v in

V\F.
Definition 2.2 [19]. A g -good-neighbor cut of a connected

graph G is a g -good-neighbor faulty set F such that
G-F is disconnected. The minimum cardinality of
g -good-neighbor cuts is said to be the g -good-neighbor
connectivity of G, denoted by x9(G).

In  [4], Hsieh et al. showed that 2 -good-neighbor
connectivity of the n -dimensional locally twisted cubes is
4n—-8 for n>4 , and showed that 3 -good-neighbor
connectivity is equal to 8n—24 for n>5. In [17], Wei and
Hsieh studied that the g -good-neighbor connectivity of

locally twisted cubes is 29(n—g) for 0<g<n-2.

B. The crossed cube CQ,

Definition 2.3 [16]. Let
R ={(00,00), (10,10),(01,11),(12,02)} . Two digit bhinary
strings u=uu, and v=v\, are pair related, denoted as
u-~v,ifandonlyif (u,v)eR.

Definition 2.4 [16]. The vertex set of a crossed cube CQ, is
{v, v, ,-v,:0<i<n-1v, {0,1}}
u=u,,u ,---u, and v=v _,v_,---v, are adjacent if and
only if one of the following conditions is satisfied.

1. There exists an integer | (1<1<n-1) such that

Two  vertices

(1) Up Uy ool =V gV oYy
(2) ul—l * Vl—l ’

(3)if I iseven, u,_, =V, _,;
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(4) uy Uy ~ ViV, , for 0<i <LI%1J .
2.

Du,, #V,

(2)if n iseven, u,_, =V, ,;

(3) Uyiglyi ~ Vi,V for 0<i< [I%]-J .

Let n>2 . We define two graphs CQ° and CQ: as
u=u, U, ,---U,evV(CQ,) , then
u®=0u, ,u,_,---u, €V(CQY)
and u' =1u_,u_,---u, eV(CQ:) . If uveE(CQ,,) , then
u’ e E(CQY) and u'v'eE(CQ,). Then CQ°=CQ,,
and CQ} =CQ, , . Define the edges between the vertices of
CQ_ and CQ;} according to the following rules. The vertex
u=0u, U .U, eV(CQ°) the
vertexv =1, ,v, ,---v, €V(CQ}) are adjacent if and only if

1. u,_,=Vv,, if n iseven;

follows. If

and

2. (Uy Uy, Vi Vo) € R, fOr 0<i< [nT—lJ .
The edges between the vertices of CQ? and CQ} are said

to be cross edges.
Proposition 2.1 [16]. All cross edges of CQ, is a perfect

matching.
By Proposition 2.1, CQ, can be recursively defined as

follows.
Definition 2.5 [16]. Define that CQ =K, and

V(CQ)={0,1} . For n>2, CQ, is obtained by CQ’
and CQ}, and a perfect matching between the vertices of
CQ? and CQ} according to the following rules (see Fig.1).
The u=0u, U, .U, €V(CQS) the
vertex v=1v_,v, ,---v, eV(CQ}) are adjacent in CQ, if

and only if
1. u,,=V,, if n iseven;

vertex and

2. (u2i+1u2i ’V2i+lv2i) eR ! forO si< [nglJ .
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Fig. 1. CQ, , CQ, ,and CQ,
C. The PMC Model and the MM* Model

Table 1. Comparison results under the PMC model

testor u | tested v result
faultv | fault-free )
Ay or faulty Uorl

fault-free | faulty 1

fault-free | fault-free 0

Table 2. Comparison results under the MM* model

testor w | tested w.v |result
faulty fault-free
or faulty Oor 1
fault-free At le?,st |1
one 1s faulty
both are
fault-free fault_froe 0

Let G=(V(G),E(G)) be a system. In the PMC model, a
processor (vertex) can perform tests on its neighbors. For two
adjacent vertices u and v in V(G), the ordered pair (u,Vv)
represents u test v. In this case, u is a tester and v is a
tested. Because the faults considered here are permanent, the
result of a test is reliable if and only if u is fault-free. A test
assignment T for G is a collection of tests and thus can be
modeled as a directed graph T =(V(G),L) , where (u,v) eL
if and only if uv € E(G). The collection of all test results

from T is called a syndrome. Formally, a syndrome of T is
a mapping o:L —>{0,1}. Table 1 shows all possible test
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results of the test o((u,v)) . For a given syndrome o, a
subset of vertices F <V (G) is said to be consistent with o
if syndrome o can be produced from the situation that, for
any (u,v) eL suchthat ueV\F, o(u,v) =1 if and only if
veF . Let o(F) denote the set of all syndromes which F
is consistent with. Two distinct vertex sets F and F, are
indistinguishable  (respectively,  distinguishable)  if
o(R)No(F,) =< (respectively, o(F)No(F,)=9), then
we say (F,F,) is an indistinguishable pair (respectively,
distinguishable pair).

In the MM model, the comparison scheme of a system
G =(V(G),E(G)) is modeled as a multigraph, denoted by
M =V (G),L), where L is the labeled edge set. If (u,v) is
an edge labeled by w, then the labeled edge (u,v), belongs
to L, which implies that vertices u and v are being
compared by vertex w . If the comparator w is faulty, then
the result of comparison is unreliable. For (u,v), € L, we use
o*((u,v),,) denote the result of comparing vertices u and
v by w . The collection of all comparison result is given by a
function o*: L —{0,1}, which is called the syndrome of the
diagnosis. Table 2 shows all possible test results of the test
o*((u,v),) . The MM " model is a special case of the MM
model. In the MM ™ model, all comparisons of G are in the
comparison scheme of G, i.e., if uw,vweE(G) , then
(u,v),, e L. Similarly to the PMC model, we can define a
subset of vertices F <V (G) to be consistent with a given
syndrome ¢ and two distinct sets F, and F, in V(G) to

be indistinguishable (resp. distinguishable) under the MM~
model.

I1l. THE CONNECTIVITY OF THE CROSSED CUBE CQ,

Lemma 3.1[3]. ¥(CQ,)=n for n>1.

Lemma 3.2 [6]. '(CQ,)=2n-2 for n>3.

Lemma 3.3 [6]. There are at most two common neighbors for
any pair of vertices in the crossed cube CQ, for n>2.
Lemma 3.4 [16]. Let F =V(CQ,) (n=3) with
n<|F|<2n-3.1fCQ, - F is disconnected, then CQ, - F
has exactly two components, one of which is an isolated
vertex.

Lemma 3.5 [16]. Let F =V(CQ,) (n=>5)with

2n-2<|F|<3n-6.IfCQ, —F is disconnected,
then CQ, — F satisfies one of the following conditions:
(1) CQ, —F has two components, one of whichisaK,;

(2) CQ, —F has two components, one of which is an
isolated vertex;

(3) CQ, —F has three components, two of which are
isolated vertices.

A connected graph G is super g-extra connected if every
minimum g-extra cut F of G isolates one connected subgraph
of order g +1. In addition, if G — F has two components, one

72 www.ijntr.org



The Tightly Super 2-good-neighbor connectivity and 2-good-neighbor Diagnosability of Crossed Cubes

of which is the connected subgraph of order g +1, thenG is
tightly|F| super g-extra connected.

Lemma 3.6 [16]. Forn>5, the crossed cube CQ, is
tightly (3n—5) super 2-extra connected.

Lemma 3.7 [1]. LetGbeagraph. If §(G)>2,thenG

contains a cycle.

A connected graph G is super 2-good-neighbor connected
if every minimum 2-good-neighbor cut F of G isolates one
connected subgraph of minimum degree 2. If, in addition,

G —F has two components, one of which is a connected

subgraph of minimum degree 2, then G is tightly|F| super
2-good-neighbor connected.

Lemma 3.8. Let CQ, be the crossed cube, and letH be a
connected subgraph of CQ, with 5(H ) =2 such that it

containsV (CQ, ) as least as possible. Then H is a 4-cycle.

Proof. Since §(H) =2, by Lemma 3.7, CQ, contains a
cycle. Note that CQ, does not have triangle.
Solv(CQ,)
that H is a 4-cycle. The proof is complete.

Lemma 3.9. Let C be a 4-cycle in the crossed cube

CQ,(n> 3) . Then any pair of vertices in C have no common
neighbors outside C .

Proof. Clearly, CQ, [V (C)]=CQ,. Since CQ, has no

triangle, there is no common neighbor for any pair of adjacent
vertices in C . By Lemma 3.3, there are at most two common
neighbors for any pair of vertices in CQ, . Combining this

with the 4-cycle C , we have that any pair of nonadjacent
vertices in C has no common neighbor outside C . Therefore,
any pair of vertices in C has no common neighbor outside C .
The proof is complete.

Lemma 3.10. Let C be a 5-cycle in the crossed

cube CQ,(n=3). The |NCQ” (v (C))| >5n-12.

Proof. LetC =v,v,v,v,v.v, . We prove the lemma by
induction on n. When n=3, it is easy to see

that|Ngg, (V (C))| =3=5x3-12 (see Fig.1). We assume that
the lemmais true forn—1, i.e.,

INgo,., (V(C))|=5(n-1)-12=5n-17 . We will show that

>4 . Since CQ, contains 4-cycles, we have

the lemma is true for n(n > 4).We decompose CQ, along

dimension n—1into CQ’ and CQ:. Then both CQ; and

CQ; are isomorphic to CQ, , .

Case 1. V(C)nV (CQy)=@ or V(C)nV (CQ})=2.
Without loss of generality, let V (C) "V (CQ; ) =@ . Then

V(C)<=V(CQy). By the inductive hypothesis,

‘Ncog (v (C))‘ >5n-17 . By Proposition 2.1, C has five

neighbors in CQ:.

Thus, [N, (V(C))|25n-17+5=5n-12.

Case 2. V(C)nV (CQY)=@ and V (C)nV (CQL) =2 .
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By Proposition 2.1, | V (C)nV (CQY) |=2 or
| V(C)nV(CQy) |=2. Without loss of generality,
let| V(C)nV(CQP) [=2.Then | V(C)nV(CQ}) |=3.
Let V(C)nV (CQY)={v,,v,} and
V(C)nV (CQ})={V;,V,.Vs} . Thenvv, = K, and
P =v,v,v; is a 2-path. By Lemma 3.3, v, and v, have at most
two common neighbors in CQ;, one of which isv, . Thus,
v, and v, may have another common neighbor in CQ; . By
Proposition 2.1, v, has a neighbor v, in CQ?. Since CQ, has
no triangle, v, may be adjacent tov, orv,. So C has at most
two common neighbors in CQ, .Thus,
| Neo, (V(C)) [25(n—2)—2=5n-12 . The proof is
complete.
Lemma 3.11. Let CQ, be the crossed cube and let
A= {0~--000,0---001,0---010,0-~-011} fn>4,
F.=Ng (A), F,=AUNg, (A),then|F|=4n-8,
|F,|=4n—4, F,is a2-good-neighbor cut of CQ,, and
CQ, — F, has two components CQ, — F,and CQ, [A] .
Proof. By the definition of crossed cube, CQ,[A]isa

4-cycle. By Lemma 3.9, we get that any two vertices
in A have no common neighbors outside A . Thus,

|F,|=|Nco, (A)| =4(n-2)=4n-8and
|F,| =|A|+|F|=4n—4 . We will prove that CQ, —F, is
connected and 5(CQ, — F, ) > 2 by induction onn . When
n=4, it is easy to see that CQ, —F, is connected and
5(CQ, —F,)=2 (see Fig. 1). We assume that the result is
true forn-1, i.e., CQ,, —F, is connected
ans(CQ,, —F,)>2. Now we show that the result is also
true for n(n >5). We can decompose CQ, along
dimension n—1into CQ’ and CQ;. Then
both CQ? and CQ: are isomorphic to CQ, . Let
F)=F,nV(CQ?) and F; =F,nV(CQ}).
Then |F|+|F;| =|F,| . Note that AcV (CQY). By the
inductive hypothesis, CQ? —F, is connected and
5(CQY—F)=2. Note that
A= {0---000,0---001,0---010,0---011} and A<V (CQy).
By Proposition 2.1 and Definition 2.4, we have
F = Neo, (A)"V(CQ;) ={1---000,10---011,10---010,10---01}
. By the definition of crossed cube, CQ, [ F; ] isa4-cycle.
Case 1. CQ} —F; is connected.

Since |V(CQ? -F |=2""—(4n-8)>1 (n>=5) ,by
Proposition 2.1,
cQ, [v (CQe -F?)uv (CQ: - F;)] =CQ,-F, is
connected. Note that CQ,[ F;} | is a4-cycle. By Lemma 3.9,
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every vertex in CQ} — F, has at most one neighbor in F, .
Thus, §(CQ} —F} )2 n-1-1>2(n>5). Note that
5(CQ;’ - F2°) >2and CQ, —F, isconnected. We can
get5(CQ,-F,)=>2.

Case 2. CQ: —F; is disconnected.

By Lemma 3.1, we have x(CQ; ) =n-124(n 25). So we
get CQ} — F, is connected when n> 6, a contradiction. We
consider CQ; . Note that CQ; = CQ, and |F21| =4 . By Lemma
3.4,CQ; - F; has two components, one of which is an
isolated vertex. Letu be the isolated vertex. Since

Negs () < F and N (u) =[F}[ =4, we

have N, (u) = F; . Note that CQ, [ F; | isa4-cycle. We can

get that u and an edge of CQ, [ F;'] form a triangle, a
contradiction. Thus, this case does not exist. Note

that CQ, — F; has two components CQ, —F,and CQ, [ A] with
5(CQ,-F,)=2and §(A)=2. Therefore, Fisa
2-good-neighbor cut of CQ, . The proof is complete.
Lemma 3.12. The 2-good-neighbor connectivity
x?(CQ,)<4n-8 for n>4.

Proof. Let A be definedin Lemma3.11,and F = N¢, (A).
Obviously, CQ, —F is disconnected, |F|=4n—-8,and F
is a 2-good-neighbor cut. By the definition of
2-good-neighbor connectivity, «°(CQ,) <| F |=4n—8. The
proof is complete.

Lemma 3.13. Let F <cV(CQ,) with | F |=7. Suppose that

CQ, —F is disconnected. Then F is not a 2-good-neighbor
cut of CQ,.
Proof. We can decompose CQ, along dimension 3 into
CQ? and CQ;. Then both CQ; and CQ; are isomorphic to
CQ,.Let F,=FNV(CQ,) and F, =F NV (CQ;) with
|F, | F|. Notethat | F|=7. Thus, | F, |<3.
Case 1. CQY —F, is connected.

Suppose that CQ;, —F, is connected. Since 2° -7 =1, by
Proposition 2.1,
CQ,IV(CQ, - F,) UV (CQ; —F,)]=CQ, —F is connected, a
contradiction. So we suppose that CQ; — F, is disconnected.
Let the components of CQ, —F, be C,,C,,...,C, (k>2).
Note that | F, [< 3. If every component C; (ie{L...,k}) of
CQ; —F, suchthat |V (C,)|> 4, by Proposition 2.1, then
CQ4[V(CQ2 -R)WV(C)u---UV(C)]=CQ,—F is
connected, a contradiction. Thus, there is at least a
component C; (1< j<Kk) suchthat [V(C,;)[<3. If every

component C; such that C, is connected to CQ; —F,, then
CQ, —F is connected, a contradiction. Thus, thereisa C,
such that Ngo, (V(C;) NV (CQ;) < F,. Then C; isa
component of CQ, —F . Since |V (C,) <3, by Lemma 3.8,
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C, is not a 2-good-neighbor component of CQ, —F . Thus,
F is not a 2-good-neighbor cut of CQ,.
Case 2. CQ? —F, is disconnected.

By Lemma 3.1, we have x(CQY)=3. Since CQ} —F, is
disconnected, | F, |=3. By Lemma 3.4, CQ; —F, has two

components, one of which is an isolated vertex. Let u be the
isolated vertex. If u is connected to one of F, then u isan

isolated vertex component of CQ, —F . So F isnota
2-good-neighbor cut of CQ, . If u is connected to one of
V(CQ,—F),then d, (u)=1.Thus, F isnota
2-good-neighbor cut of CQ,. The proof is complete.
Lemma 3.14. Let F cV(CQ,) with | F |=11. Suppose that
CQ; —F is disconnected. Then F is not a 2-good-neighbor
cut of CQ;.

Proof. We can decompose CQ, along dimension 4 into
CQ! and CQ;. Then both CQ; and CQ; are isomorphic to
CQ,.Let F,=FnV(CQY) and F, =F NV (CQ.) with

| K I R |. Since | F|=11, we have | F, |<5. Note that
|F,|<2(n-1)-3=5.By Lemma 3.4, CQ}—F, is
connected or has two components, one of which is an isolated
vertex. Suppose that CQ? — F, is disconnected. Let u be the
isolated vertex. If u is connected to one of F, then u isan
isolated vertex in CQ, —F . Thus, F isnota
2-good-neighbor cut. If u is connected to one of

V(CQ; —F,), then de ((u)=1.Thus, F isnota
2-good-neighbor cut. Then we suppose that CQY —F, is
connected. Suppose that CQ; —F, is connected. Since

2* —11>1, by Proposition 2.1,

CQV(CQ; —F)) UV (CQ; —F)]=CQ; —F is connected, a
contradiction. So we suppose that CQ; —F, is disconnected.
Let the components of CQ; —F, be C,,C,,...,C, (k>2).
Casel. |F, |=5.

In this case, | F, |=6 . If every component C, of CQ; —F,
such that |V(C,) =6 for ie{l,... .k}, by Proposition 2.1,
then CQ,[V(CQ} -F,) WV (C,)u---UV(C,)]=CQ, —F is
connected, a contradiction. Thus, there exists at least one
component C; (1< j<Kk) suchthat [V(C,)[<5. If every

component C; such that C; is connected to one

of V(CQY —F,), then CQ, —F is connected, a contradiction.
Thus, there isa C; such that Ng, (V(C;)) NV (CQ5) = F;.
Then C; is a component of CQ, —F . If C, is a5-cycle, by
Lemma 3.10, then [N, (V(C)) [> 5(n-1)-12=8.

Since C; is also a component of CQ; —F,, we have
NCQ%(V(CJ.)) c F,. Then 8< Neg VEC))KIFI=6,a
contradiction. Thus, C; is nota 5-cycle. If C; is a 4-cycle,
by Lemma 3.9, then | NCQ% V() |=4(n-1-2)=8.

Similarly, C; is also not a 4-cycle. By Lemma 3.8, C; is not
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a 2-good-neighbor component with |V (C;)[<5. Thus, F is
not a 2-good-neighbor cut of CQ;.
Case 2. |F,|=4.

In this case, | K |=7 . If every component C,

(iefl...k}) of CQ!-F suchthat [V(C)[>5, then
CQIV(CQY ~F,) WV (C)u---UV(C,)] =CQ; — F s
connected, a contradiction. Thus, there exists at least one
component C; (1< j<Kk) suchthat [V(C;)[<4. If every
component C; such that C; is connected to one

of V(CQJ -F,), then CQ, —F is connected, a contradiction.
Thus, there isa C; such that Ng, (V(C;))nV(CQ;) = F,.
Then C; is acomponentof CQ, —F. If C; isa4-cycle,
then it is similar to Case 1. We get

8 NcQé (V(C;) Il R [=7, acontradiction. So C; is nota
4-cycle. By Lemma 3.8, C; is not a 2-good-neighbor
component with [V (C,;)[<4. Thus, F isnota
2-good-neighbor cut of CQ;.

Case 3. |F, |<3.

By Proposition 2.1, there are at most three vertices in CQ;
such that they are connected to one of F,, respectively. Since
CQ, —F is disconnected, there is a component C in
CQ, —F suchthat |V(C)|<3.By Lemma3.8, C isnota
2-good-neighbor component in CQ, —F . Therefore, F is
not a 2-good-neighbor cut of CQ,. The proof is complete.
Lemma 3.15. Let F cV(CQ,) . If | F|=6, then CQ, —F

satisfies one of the following conditions;
(1) CQ, —F is connected;

(2) CQ, —F has two components, one of whichisa K,;
(3) CQ, —F has two components, one of which is an
isolated vertex;

(4) CQ, —F has three components, two of which are
isolated vertices;

(5) CQ,—F has two components H,, H,,and |V(H,)|=5
and S(H,)=1 for i=12.

Proof . We can decompose CQ, along dimension 3 into
CQ; and CQ;. Then both CQ; and CQ; are isomorphic to
CQ,.Let F,=FnV(CQ)) and F, =F nV(CQ;) with
|F IS F . Since |F |=6, we have | F, |<3.

Casel. |F,|=3.

Inthiscase, |F, |H F, |=3=2(n-1)-3. By Lemma 3.4,
CQ, -F (i {0,1}) is connected or has two components,
one of which is an isolated vertex. Let u; be the isolated
vertex and let B, be the other component for i {0,1}. Then
IV(B)HV(CQ,), (Fu{u}=2"-@B+)=4.

Case 1.1. u, is connected to u, .

Note that | F, [=3<4<5V(B)| for i e{0,1}. By
Proposition 2.1, CQ, —F satisfies the condition (2).

Case 1.2. u, is connected to one of F,.
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If u, is connected to one of F,, by Proposition 2.1,
CQ, — F satisfies the condition (4).
If u, is connected to one of V (B,), by Proposition 2.1,
CQ, — F satisfies the condition (3).
Case 1.3. u, is connected to one of V(B,) .

If u, is connected to one of F,, by Proposition 2.1,
CQ, — F satisfies the condition (3). If u, is connected to one
of V(B,) , by Proposition 2.1, CQ, — F satisfies the
condition (1) or (5).
Case2. |FR 2.

In this case, CQY —F, is connected. Note
that|F |5 F|-| K, = 4. By Lemma 3.1,
|F, [>4>3=x(CQ;). Then CQ; —F, is connected or
disconnected. Suppose that CQ; —F, is connected. Since
2° —6>1, by Proposition 2.1, CQ, —F is connected. Then
we suppose that CQ; — F, is disconnected. Let the
components of CQ; —F, be C,,C,,...,C, (k>2). Note that
|F,|[<2. If every component C, (ie{L...,k}) of CQ, -F,
such that |V (C,) = 3, then
CQ,IV(CQ; ~R)WV(C)u---LV(C)]=CQ, ~F is
connected, a contradiction. Thus, there exists at least one
component C, (1<i<Kk) suchthat |V(C)[|<2. Thus,

CQ, —F satisfies one of the conditions (1)-(4). The proof is
complete.

Lemma 3.16. Let F cV(CQ,).If |F|=10, then CQ, - F
satisfies one of the following conditions:

(1) CQ, —F is connected;

(2) CQ, —F has two components, one of whichisa K,;

(3) CQ, —F has two components, one of which is a 2-path;
(4) CQ, —F has two components, one of which is an isolated

vertex;
(5) CQ, —F has three components, two of which are isolated

vertices;
(6) CQ, —F has four components, three of which are

isolated vertices;
(7) CQ, —F has three components, one of which is an

isolated vertex and the otheris a K, .
Proof. We can decompose CQ, along dimension 4 into
CQ! and CQ;. Then both CQ; and CQ; are isomorphic to
CQ,.Let F,=FNV(CQY) and F, = F NV (CQ) with
| K [ F|. Since | F =10, we have | F, |[<5.
Casel. |F, |=5.

In this case, | R, |H F, |=5=2(n-1)—-3. By Lemma 3.4,
CQ!-F (ie{0,13) is connected or has two components,

one of which is an isolated vertex. Since 2* -10—-2>1, by
Proposition 2.1, CQ, —F satisfies one of the conditions

D-(@).
Case 2. |F, |=4.

Note that | F, |=4=n-1. By Lemma 3.4, CQ} —F, is
connected or has two components, one of which is an isolated
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vertex. Let u be the isolated vertex and B be the other
component.

Then|V (B) |9V (CQ)\(F, w{u}) |=2* - (4+1) =11.

In this case, | F, |=6 . By Lemma 3.15, CQ; — F, satisfies
one of the following conditions:

(@) CQ: —F, is connected;

(b) CQ: —F, has two components, one of which is a K,;
(c) CQ: —F, has two components, one of which is an
isolated vertex;

(d) CQ: —F, has three components, two of which are
isolated vertices;

(e) CQ; —F, has two components, which are two
components of order 5.

Case 2.1. Both CQ? —F, and CQ; —F, are connected.

Since 2* —10>1, by Proposition 2.1,

CQ,[V(CQ}-F,) UV (CQ -F)]=CQ, - F is connected.
Case 2.2. CQ? —F, is disconnected and CQ; —F, is
connected. Since 2* —~10-1>1, by Proposition 2.1,
CQ,[V(B) LV (CQ: —F,)] is connected. Thus, CQ, —F
satisfies the condition (1) or (4).

Case 2.3. CQY —F, is connected and CQ; —F, is
disconnected.

Suppose that CQ; — F, satisfies one of the conditions
(b)-(d). Since 2* —10—2>1, by Proposition 2.1, CQ, - F
satisfies one of the conditions (1)-(7). Note that | F, |= 4.
Suppose that CQ — F, satisfies the condition (e). By
Proposition 2.1, CQ, —F is connected.

Case 2.4. Both CQ? —F, and CQ; —F, are disconnected.

If CQ; - F, satisfies one of the conditions (b)-(d), by
Proposition 2.1, then CQ, — F satisfies one of the conditions
(1)-(7). Suppose that CQ; — F, satisfies one of the condition
(). Let C, and C, be two components of order 5
inCQ:-F,.

Case 2.4.1. u is connected to F,.

Note that | F, |=4<55V(C,)| (i<{L2}).By Proposition
2.1, CQ,[V(B)WV(C,) WV (C,)] is connected. Thus,

CQ, — F satisfies the condition (4).
Case 2.4.2. u is connected to C, or C,.

Without loss of generality, we assume that u is connected
to C,. Note that | F, |=4<5<V(C,)|. By Proposition 2.1,

CQ.[V(B)wV(C,)] is connected. If CQ.[V(B)LV(C,))] is
connected, then CQ, —F is connected. We suppose that
CQ,[V(B)uwV(C,)] is disconnected. Then

Neq, (V(C,)) NV (CQ;) = F, w{u}. Thus, CQ, —F has two
components, one of which is CQ;[V (C,) w{u}] and the other
is CQ,[V(B)uwV (C,)] with |[V(C,) {u}|=5+1=6 and
[V(B)LV(C,) |=11+5=16. By Lemma 3.6, CQ; is tightly
10 super 2-extra connected, i.e., CQ, —F has two
components, one of which is order 3. We get that CQ, — F
should have a component of order 3.
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This is a contradiction to that |V (C,) w{u}|=6 and
|V (B)UV(C,)|=16. So the hypothesis is not true.
Case 3. |F, [<3.

By Lemma 3.1, CQ? - F, is connected. Suppose that
CQ: —F, is connected. Since 2* —10>1, by Proposition 2.1,
CQ[V(CQ -F)) LV (CQ: —F)]=CQ, —F is connected.
Then we suppose that CQ; — F, is disconnected. Let the
components of CQ; —F, be C,, C,, .., C, (k>2).Ifevery
component of CQ; —F, such that |V (C,) |> 4
forie{l,... Kk}, then
CQS[V(CQso -R)WV(C)u---WV(C)]=CQ; - F s
connected. Suppose that there is a components C, such that
IV(C)I<3. If Neg (V(C))NV(CQS) = F, , then C; isa
component of CQ, —F . Thus, CQ, —F satisfies one of the
conditions (1)-(7).

Therefore, according to the cases 1-3, we can get that
CQ; —F satisfies one of the conditions (1)-(7). The proof is

complete.
Lemma3.17. Let FcV(CQ,) (n=6).If |F|=3n-5,

then CQ, —F satisfies one of the following conditions:

(1) CQ, —F is connected;

(2) CQ, —F has two components, one of whichisa K, ;
(3) CQ, —F has two components, one of which is a 2-path;
(4) CQ, —F has two components, one of which is an

isolated vertex;
(5) CQ, —F has three components, two of which are

isolated vertices;
(6) CQ, —F has four components, three of which are

isolated vertices;
(7) CQ, —F has three components, one of which is an

isolated vertex and the other isa K, .

Proof. We can decompose CQ, along dimension n—1 into
CQ? and CQ;. Then both CQ? and CQ} are isomorphic to
CQ,,.Let F,=FnV(CQ’) and F, =F nV(CQ}) with
|F, |<|F,|. Let B, be the maximum component of CQ} —F
(If CQ! —F, is connected, then let B, =CQ! —F.) for

i €{0,1}. We have 0<| F, |[< fn—sz <2n-5 and

n gP”{ﬂﬁ F|<3n-5 (n=6).

Casel. ngF |<2n-5.

Inthiscase, |F, | K |[£2n-5=2(n-1)-3.
By Lemma 3.4, CQ! —F, (i e{0,1}) is connected or has two
components, one of which is an isolated vertex. Since
2" —(3n-5)-2>1 (n>6), by Proposition 2.1,
CQ,[V(B,) wV(B,)] is connected. Thus, CQ, —F satisfies
one of the conditions (1)-(7).
Case2. |F |=2n-4.

In this case, | K, =3n—5—-(2n—4)=n-1.
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By Lemma 3.4, CQ° —F, is connected or has two
components, one of which is an isolated vertex. Note that
|F|=2n-4=2(n-1)-2.

By Lemma 3.5, CQ;} — F, satisfies one of the following
conditions:

(2) CQ! —F, is connected;

(b) CQ; — F, has two components, one of which is a K,;

(c) CQ, — F, has two components, one of which is an isolated
vertex;

(d) CQ! — F, has three components, two of which are isolated
vertices.

Since 2" —(3n-5)-3>1 (n=>6), by Proposition 2.1,
CQ,[V(B,)wV(B,)] is connected. Thus, CQ, —F satisfies

one of the conditions (1)-(7).
Case 3. 2n-3< F [£3n-9.

Inthis case, | F, |<3n—5—-(2n—-3)=n-2. By Lemma 3.1,
CQ? - F, is connected. Note that
2(n-1)-2<2n-34F |<3n-9=3(n-1)-6.
By Lemma 3.5, CQ} —F, satisfies one of the following
conditions:
(2) CQ, — F, is connected;
(b) CQ: — F, has two components, one of which is a K,;
(c) CQ: — F, has two components, one of which is an isolated
vertex;
(d) CQ} — F, has three components, two of which are isolated
vertices.
Since 2" —(3n-5)-2>1 (n>6), by Proposition 2.1,
CQ, [V (B,)wV(B,)] is connected. Thus, CQ, —F satisfies

one of the conditions (1)-(7).
Case 4. 3n—8< F |<3n-5.

In this case, | F, |<3n—-5-(3n-8) =3. By Lemma 3.1,
CQY —F, is connected for n>6. Suppose that CQ; —F, is
connected. Since 2"*—(3n-5)>1 (n>6),

CQ,IV(CQ° -F,)UV(CQ! -F)]=CQ, —F is connected.
Then we suppose that CQ} — F, is disconnected. Let the
components of CQ! —F, be C,,C,,...,C, (k>2). Note that
| K, |<3. If every component C, (1<i<k) such that

[V(C,) =4, then

CQ, IV (CQ —F,) WV (C,) L+ LV (C,)]=CQ, —F is
connected. Suppose that there is a component C, such that
IV(C)I<3.1f Nep (V(C))NV(CQ;) = F,, then C; isa
component of CQ, —F . Thus, CQ, —F satisfies one of the

conditions (1)-(7). The proof is complete..
Lemma3.18. Let F cV(CQ;). If 14 < F [<15, then

CQ, —F satisfies one of the following conditions:

(1) CQ,—F is connected:;

(2) CQ, —F has two components, one of whichisa K,;
(3) CQ, —F has two components, one of whichisa K, ;
(4) CQ, —F has two components, one of which is a 2-path;
(5) CQs —F has two components, one of which is a 3-path;
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(6) CQ, —F has two components, one of which is an
isolated vertex;

(7) CQs —F has three components, two of which are
isolated vertices;

(8) CQ, —F has four components, three of which are

isolated vertices;
(9) CQ, —F has three components, one of which is an

isolated vertex and the otherisa K, ;
(10) CQ, —F has three components, one of which is an

isolated vertex and the other is a 2-path.
Proof. We can decompose CQ, along dimension 5 into

CQ; and CQ;. Then both CQ; and CQ; are isomorphic to
CQ,.Let F,=F NV (CQ) and F, =F AV (CQ!) with
|F, |<|F,|. Let B, be the maximum component of CQ} —F
(If CQ} —F, is connected, then let B, =CQ] - F,) for

i €{0,1}. Since 14<| F |<15, we have 0<| F; |< L%J -7

and 7=%s| F [£15.

Casel. 55| R [£7.

Note that 5=n-1<F, |<2(n-1)-3=7.
By Lemma 3.4, CQJ —F, is connected or has two
components, one of which is an isolated vertex.
Since 14 <| F |[<15, we can get 7 <] F, [<10.
Case1.1. |F |=7.

Note that | F, |=7=2(n—1)-3. By Lemma 3.4, CQ; - F,
is connected or has two components, one of which is an

isolated vertex. Since 2° —14—2>1, by Proposition 2.1,
CQ,[V (B,)wV (B,)] is connected. Thus, CQ, — F satisfies

one of the conditions (1)-(10).
Case1.2. 85 F |<9.

Note that 8=2(n-D) -2 F <3(n-1)-6=9.By
Lemma 3.5, CQ; — F, satisfies one of the following
conditions:

(?) CQ; — F, is connected;

(b) CQ; — F, has two components, one of which isa K, ;

(c) CQ; — F, has two components, one of which is an isolated
vertex;

(d) CQ; — F, has three components, two of which are isolated
vertices.

Since 2° —14—3>1, by Proposition 2.1,
CQ,[V (B,) WV (B,)] is connected. Thus, CQ, —F satisfies

one of the conditions (1)-(10).
Case 1.3. |F, |=10.

Note that | F, |=3(n—1)-5=10. By Lemma 3.16,
CQ; — F, satisfies one of the following conditions:
(@) CQ; —F, is connected;
(b) CQ; — F, has two components, one of which isa K, ;
(c) CQ; — F, has two components, one of which is a 2-path;

(d) CQ; —F, has two components, one of which is an
isolated vertex;
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(e) CQ; —F, has three components, two of which are isolated
vertices;

(f) CQ; —F, has four components, three of which are
isolated vertices;

(9) CQ: —F, has three components, one of which is an

isolated vertex and the otherisa K, .

Since 2° —14—4>1, by Proposition 2.1,

CQ,[V (B,)wV(B,)] is connected. Thus, CQ, — F satisfies
one of the conditions (1)-(10).

Case2. |F, |=4.

By Lemma 3.1, CQ{ —F, is connected.
In this case, 10 F, [<11.
Case 2.1. |F, |=10.
Note that | K, |=3(n—1)-5=10. By Lemma 3.16,
CQ; — F, satisfies one of the conditions (a)-(g) in Case 1.3.

Since 2° —14—3>1, by Proposition 2.1,
CQ;[V (B,) WV (B,)] is connected. Thus, CQ, —F satisfies
one of the conditions (1)-(10).

Case 2.2. | F |=11.

Suppose that CQ; — F, is connected. Since 2° —-15>1, by
Proposition 2.1, CQ, —F is connected. Then we suppose
that CQ; — F, is disconnected. Let the components of
CQ.-F beC,C,,..,C, (k>2).Notethat |F,|=4.If
every component C, of CQ, —F, such that |V (C,)[>5 for
iefl... k},then
CQ,IV(CQ) —F,) LUV (C,)u---LV(C,)]=CQ, —F is
connected. Suppose that there is a components C, such that
IV(C)I<4.1f Neg (V(C))NV(CQ;) = Fy, then C; isa
component of CQ, —F .

When |V (C))|=4, C, isa4-cycle, 3-path or K, . Since
C, is also a component of CQ; —F, , we have
Neg V(C) = F,.

If C, is a4-cycle, then

| Neg: V(C))|=4(n-1-2)=4x(5—2) =12. Note that

| Neg: V(C))|=12>115F | . We get Neo: VEC))HUF, a
contradiction. So C, is not a 4-cycle. We get that C, may be
a3-pathor K, ,. Thus, CQ, —F satisfies the condition (3) or
(5). When |V (C,) <3, CQ, —F satisfies one of the

conditions (1)-(10).
Case 3. |F, |<3.

By Lemma 3.1, CQ —F, is connected. Let the
components of CQ; —F, be C,, C,,..., C, (k>2).Ifevery
component C, of CQ; —F, such that |V (C,)|> 4 for
ie{l,... Kk}, then
CQ,[V (CQY —F) LV (C) ULV (C,)] =CQ, —F is
connected. Suppose that there is a components C; such that
IV(C)I<3. If NCQE(\/(Ci))mV(CQg)g F,,then C, isa
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component of CQ, —F . Thus, CQ, —F satisfies one of the

conditions (1)-(10). The proof is complete.
Lemma 3.19. Let F cV(CQ,) (n=6).If

3n—4< F|<4n-9, then CQ, —F satisfies one of the

following conditions:

(1) CQ, —F is connected;

(2) CQ, —F has two components, one of whichisa K,;
(3) CQ, —F has two components, one of whichisa K, ;
(4) CQ, —F has two components, one of which is a 2-path;
(5) CQ, —F has two components, one of which is a 3-path;
(6) CQ, —F has two components, one of which is an
isolated vertex;

(7) CQ, —F has three components, two of which are
isolated vertices;

(8) CQ, —F has four components, three of which are

isolated vertices;
(9) CQ, —F has three components, one of which is an

isolated vertex and the otherisa K, ;

(10) CQ, —F has three components, one of which is an
isolated vertex and the other is a 2-path.

Proof. We prove the lemma by induction on n. By Lemma
3.18, the lemmais true for n=6. We assume that the lemma
is true for n—1, i.e., if 3n—7 < F |<4n-13, then

CQ,_, — F satisfies one of the conditions (1)-(10). Now we
show that the lemma is also true for n (n>7). We can
decompose CQ, along dimension n—1 into CQ? and CQ}.
Then both CQ? and CQ; are isomorphic to CQ, , . Let
F,=FNV(CQ)) and F, =FNV(CQ) with |F, |</F,|.
Let B, be the maximum component of CQ! —F, (If

CQ! —F is connected, then let B, =CQ. —F ) for i e{0,1}.
Since 3n—4 < F [<4n—-9, we have

4n-9

04 F, lSL J:Zn—s and

3n-4

n+1s{ —‘s| F [£4n-9 (n>7). We consider the

following cases.
Casel. n+1<g/F[|<2n-5.

Note that | F, |<| F, [< 2n—5. By Lemma 3.4, CQ! —F,

(i €{0,1}) is connected or has two components, one of which
is an isolated vertex. Since 2"* —(4n—-9)—-2>1 (n>7), by
Proposition 2.1, CQ, [V (B,) WV (B,)] is connected. Thus,
CQ, —F satisfies one of the conditions (1)-(10).

Case2. 2n-4<|F[<£3n-9.

Note that | F, [<4n—9—(2n—4) =2n-5. By Lemma 3.4,
CQ? —F, is connected or has two components, one of which
is an isolated vertex. By Lemma 3.5, CQ} — F, satisfies one
of the following conditions:

(@) CQ: —F, is connected;
(b) CQ: —F, has two components, one of which isa K, ;

(c) CQ: —F, has two components, one of which is an
isolated vertex;
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(d) CQ} —F, has three components, two of which are
isolated vertices.

Since 2" —(4n-9)-3>1 (n>7), by Proposition 2.1,
CQ, [V (B,)wV (B,)] is connected. Thus, CQ, —F satisfies
one of the conditions (1)-(10).

Case3. |F |=3n-8.

In this case, |F, [<4n—-9—-(3n—-8)=n-1. By Lemma 3.4,
CQ? —F, is connected or has two components, one of which
is an isolated vertex. Note that | F, |=3n-8=3(n-1)-5.

By Lemma 3.17, CQ} — F, satisfies one of the following
conditions:

(@) CQ: —F, is connected;

(b) CQ} —F, has two components, one of which isa K,;
(c) CQ} —F, has two components, one of which is a 2-path;
(d) CQ} —F, has two components, one of which is an
isolated vertex;

(e) CQ; —F, has three components, two of which are isolated
vertices;

(f) CQ! —F, has four components, three of which are
isolated vertices;

(9) CQ} —F, has three components, one of which is an
isolated vertex and the otherisa K, .

Since 2" —(4n-9)—4>1 (n>7), by Proposition 2.1,
CQ, [V (B,)wV(B,)] is connected. Thus, CQ, —F satisfies

one of the conditions (1)-(10).
Case4. 3n-7< F |<4n-13.

Inthiscase, | F, |<4n—-9-(3n-7)=n-2.By Lemma3.1,
CQ? - F, is connected. Note that
3(n-1)-4=3n-7<|F |£4n-13=4(n-1)-9. By the
inductive hypothesis, CQ} —F, satisfies one of the
conditions (1)-(10). Since 2"* —(4n—-9)-4>1 (n>7), by
Proposition 2.1, CQ, [V (B,) wV (B,)] is connected. Thus,
CQ, — F satisfies one of the conditions (1)-(10).

Case5. 4n-12<F [£4n-9.

Inthis case, |F, | F|—|F |<(4n—-9)—(4n-12) =3. By
Lemma 3.1, CQ° —F, is connected. Suppose that CQ} —F,
is connected. Since 2" —(4n—-9)>1 (n>7),

CQ,IV(CQ, - F,) WV (CQ, —F,)]=CQ, —F is connected.
So we suppose that CQ; — F, is disconnected. Let the
components of CQ} —F, be C,,C,,...,C, (k >2). Note that
| F, |<3. If every component C, suchthat |V (C,) >4
(@<i<Kk),then

CQ,IV(CQY —F,) WV (C,) -+ LV (C,)]=CQ, —F is
connected. Suppose that there exists one component C; such
that |V (C;)I<3. If Ngy (V(C))NV(CQ;) = F,, then C; is
a component of CQ, —F . Thus, CQ, —F satisfies one of

the conditions (1)-(10). The proof is complete.
Lemma 3.20. The 2-good-neighbor connectivity

x?(CQ,)>4n-8 for n>4.
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Proof. Let F be the minimum 2-good-neighbor cut of
CQ,—F.Ifn=4and |F|<7,then F isnota
2-good-neighbor cut of CQ, —F by Lemmas 3.4, 3.13 and
3.15.If n=5 and | F [<11, then F isnota 2-good-neighbor
cut of CQ, —F by Lemmas 3.4,3.5,3.14and 3.16. If n>6
and | F [<4n—-9, then F is not a 2-good-neighbor cut of
CQ,—F by Lemma3.19. Thus, |F [=4n—-8 . By the
definition of 2-good-neighbor connectivity,
x?(CQ,) = F [=4n—8. The proof is complete.

Combining Lemmas 3.12 and 3.20, we have the following

theorem.
Theorem 3.1. Let CQ, be the crossed cube. Then

x?(CQ,)=4n-8 for n>4.
Theorem 3.2. For n>6, the crossed cube CQ, is tightly
(4n—8) super 2-good-neighbor connected.
Proof. Now we consider CQ, for any minimum
2-good-neighbor cut F <V (CQ,) . By Theorem 3.1,
| F |=4n—-8. We can decompose CQ, along dimension
n—1into CQY and CQ}. Then both CQ? and CQ; are
isomorphicto CQ, ,. Let F,=FNV(CQ?) and
F=FNV(CQ) with |F, |</F|.

4n-8

Then|F, |2 =2n-4. We consider the following cases.

Casel. |F |=2n-4.

Inthiscase, |F, | K |=2n-4=2(n-1)-2. By Lemma
35, CQ! —F (i<{0,1}) satisfies one of the following
conditions:

(1) CQ! —F is connected;

(2) CQ! —F has two components, one of which isa K, ;
(3) CQ! —F has two components, one of which is an
isolated vertex;

(4) CQ! —F has three components, two of which are
isolated vertices.

When CQ! —F, (i e{0,1}) satisfies the condition (2), let
u,v;, be the component K, and let B, be the other
component of CQ. —F . Since 2"* —(4n—-8)—4>1

(n=6), by Proposition 2.1, CQ,[V (B,) UV (B,)] is
connected. If CQ,[{u,,Vv,,u;,v,}] is a4-cycle, then CQ, —F
has two components, one of which is a 4-cycle and the other
is CQ,IV(B,)UV(B))]. Thus, CQ, is tightly (4n—8) super
2-good-neighbor connected. Otherwise, F is not a
2-good-neighbor cut of CQ, .

Case2. 2n-3<F |<3n-9.
In this case, | F, [<4n—-8—(2n—-3)=2n-5. By Lemma
3.4, CQJ —F, is connected or has two components, one of

which is an isolated vertex. By Lemma 3.5, CQ; — F,
satisfies one of the following conditions:

(1) CQ} —F, is connected;

(2) CQ; —F, has two components, one of which isa K, ;

(3) CQ: —F, has two components, one of which is an
isolated vertex;
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(4) CQ} —F, has three components, two of which are

isolated vertices.
By Proposition 2.1, F is not a 2-good-neighbor cut of CQ, .

Case3. |F|=3n-8

In this case, | F, |=4n—8—(3n—-8)=n. By Lemma 3.4,
CQ! - F, is connected or has two components, one of which
is an isolated vertex. Note that | F, |=3n—-8=3(n-1)-5.

By Lemma 3.17, CQ} — F, satisfies one of the following
conditions:

(1) CQ: —F, is connected;

(2) CQ: —F, has two components, one of which isa K,;
(3) CQ} - F, has two components, one of which is a 2-path;
(4) CQ: —F, has two components, one of which is an
isolated vertex;

(5) CQ} —F, has three components, two of which are
isolated vertices;

(6) CQ} —F, has four components, three of which are
isolated vertices;

(7) CQ! —F, has three components, one of which is an
isolated vertex and the other is a K, .

By Proposition 2.1, F is not a 2-good-neighbor cut of CQ, .
Cased4. 3n—-7<F[|<4n-13.

In this case, | K, =4n—8—(3n—7)=n-1. By Lemma 3.4,
CQ? —F, is connected or has two components, one of which
is an isolated vertex. By Lemma 3.19, CQ; —F, satisfies one
of the following conditions:

(1) CQ} —F, is connected;

(2) CQ} —F, has two components, one of which isa K,;
(3) CQ; —F, has two components, one of whichisa K, ;;
(4) CQ} - F, has two components, one of which is a 2-path;
(5) CQ} —F, has two components, one of which is a 3-path;
(6) CQ} —F, has two components, one of which is an
isolated vertex;

(7) CQ! —F, has three components, two of which are
isolated vertices;

(8) CQ} —F, has four components, three of which are
isolated vertices;

(9) CQ: —F, has three components, one of which is an

isolated vertex and the otherisa K,;

(10) CQ: — F, has three components, one of which is an

isolated vertex and the other is a 2-path.
By Proposition 2.1, F is not a 2-good-neighbor cut of CQ, .

Caseb5. |F|=4n-12

In this case, | R, [=4n—8—(4n—-12) =4. By Lemma 3.1,
CQY —F, is connected. By Proposition 2.1, there are four
vertices v, V,, V,, V, in CQ; such that
Neg ({%, v, V5, v, DNV (CQY) = F, . Suppose that
CQ,[{v,,V,,V,,v,}] isa4-cyclein CQ; —F,. Let
C =CQ,[{v,V,,v;,v,}]. Then C is a 2-good-neighbor
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component in CQ, —F . By Proposition 2.1,

CQ,[V(CQ’ -F,)UV(CQ: —F, -V(C))] is connected. Thus,
CQ, —F has two components, one of which is a 4-cycle and
the other is CQ,[V(CQ,)—F -V(C)]. Thus, CQ, is tightly
(4n—8) super 2-good-neighbor connected. Otherwise, CQ,
is not tightly (4n—=8) super 2-good-neighbor connected.
Case 6. 4n-11<F |<4n-9.

In this case, | F, |< 4n—8—(4n—11) =3. By Proposition
2.1, there are at most three vertices in CQ: — F, such that
they are connected to F,. By Lemma 3.8, there is not a
2-good-neighbor component in CQ, —F . Thisisa
contradiction to that F is a 2-good-neighbor cut of CQ, .
Case7. |F|=4n-8

In this case, | K, |=0. By Proposition 2.1, CQ, —F is

connected. This is a contradiction to that F isa
2-good-neighbor cut of CQ,,. The proof is complete.

IV. THE 2-GOOD-NEIGHBOR DIAGNOSAILITY OF THE CROSSED
CUBE CQ, UNDER THE PMC MODEL

Iy I £ F

v or ﬁ ) )
! Tt
-ul l U

Fig. 2 Illustration of a distinguishable pair (F, F,) under the
PMC model
Theorem 4.1 [19]. A system G =(V,E) is

g -good-neighbor t -diagnosable under the PMC model if
and only if there is an edge uv e E with ueV \(FUF,)
and v e FAF, for each distinct pair of g -good-neighbor
faulty subsets F, and F, of V(CQ,) with |F [<t and

|F, [<t (see Fig.2).

Lemma4.l. Let n>4. Then the 2-good-neighbor
diagnosability of the crossed cube CQ, under PMC model is
less than or equal to 4n—5, i.e.,t,(CQ,)<4n-5.

Proof. Let A be defined in Lemma 3.11, F, = N¢, (A) and
F,=AUNg, (A). By Lemma3.1l, |F [=4n-8,

| F, |=4n—4, F isa2-good-neighbor cut of CQ,, and

CQ, — F, has two components CQ, —F, and CQ,[A]. Thus,
F, and F, are both 2-good-neighbor faulty sets of CQ, with
|F |=4n—-8 and | F, |=4n—4. Since A=FRAF, and

Neo, (A) =F, = F,, there is no edge of CQ, between
V(CQ,)\(RUF,) and FAF,. By Theorem 4.1, CQ, is not
2-good-neighbor (4n—4) -diagnosable under PMC model.

By the definition of 2-good-neighbor diagnosability, we can
deduce that the 2-good-neighbor diagnosability of CQ, is

less than or equal to 4n-5,i.e., t,(CQ,) <4n—5. The proof
is complete.
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Lemma4.2. Let n>5. Then the 2-good-neighbor
diagnosability of the crossed cube CQ, under PMC model is
more than or equal to 4n-5, i.e., t,(CQ,)>4n-5.

Proof. By the definition of 2-good-neighbor diagnosability,
it is sufficient to show that CQ, is 2-good-neighbor

(4n—>5) -diagnosable. By Theorem 4.1, we need to prove that
there is an edge uv e E with ueV(CQ,)\(F,UF,) and
v € EAF, for each distinct pair of 2-good-neighbor faulty
subsets F, and F, of V(CQ,) with | F [<4n-5 and
| F, |<£4n-5.

Suppose, on the contrary, that there are two distinct
2-good-neighbor faulty subsets F, and F, of V(CQ,) with

| F |£4n-5 and | F, [<4n—5, but there is no edge between
V(CQ,)\(FRUF,) and FAF,. Without loss of generality,
assume that F, \ F, = . Suppose that V(CQ,)=F UF,.

2" ={V(CQ,) H F1UF2 HFE[+F -l Flsz IR+ R
<2(4n-5)=8n-10, a contradiction to n>5. Therefore,
V(CQ,) = F, UF, . Since there is no edge between
V(CQ,)\(FRUF,) and FAF,, CQ, —F, has two parts
CQ,\(FRUF,) and CQ,[F,\F]. Note that F, isa
2-good-neighbor faulty set. Thus, every component B, of
CQ, \(FRUF,) such that §(B,)>2 and every component
C, of CQ,[F, \F]suchthat 6(C,)=2.If F\F, =, then
F,NF,=F.Thus, F,NF, is a2-good-neighbor faulty set.
If FE\F, #Q, similarly, every component D, of

CQ,[F, \F,] such that 6(D;)>2. Therefore, F,NF, is also
a 2-good-neighbor faulty set. Since there is no edge between
V(CQ,)\(RUFR,) and RAF,, F NF, isa2-good-neighbor
cut of CQ,.By Theorem 3.1, | FNF, > 4n-8. Since
S(CQ,[R,\F])=2,byLemma3.8, |F,\F [>4. Thus,
|F,HR\F|+|FNF,[24+4n-8=4n—-4.Thisisa
contradiction to that | F, [< 4n—5. Therefore, CQ, is
2-good-neighbor (4n—5) -diagnosable, i.e.,

t,(CQ,) =4n—5. The proof is complete.

Combining Lemmas 4.1 and 4.2, we have the following
theorem.
Theorem 4.2. Let n>5. Then the 2-good-neighbor

diagnosability of the crossed cube CQ, under PMC model is
4n-5,ie, t,(CQ,)=4n-5.

V. THE 2-GOOD-NEIGHBOR DIAGNOSAILITY OF THE CROSSED
cuBe CQ, UNDER THE MM* MODEL

i 3’(5 D

(3') (1) (
u U
Fig. 3 Illustration of a distinguishable pair (F,F,) under the

MM* model
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Theorem 5.1 [19]. A system G = (V,E) is

g -good-neighbor t -diagnosable under the MM ™ model if
and only if each distinct pair of g -good-neighbor faulty
subsets F, and F, of V with | F |<t and | F, |[<t satisfies

one of the following conditions (see Fig.3):
(1) There exist two vertices u,weV (G)\(F,UF,) and there

exists a vertex v e FAF, such that uw,vwe E(G).

(2) There exist two vertices u,v € K, \ F, and there exists a
vertex weV (G)\(F, UF,) such that uw,vw e E(G).

(3) There exist two vertices u,v € F, \ F, and there exists a
vertex weV (G)\(F, UF,) such that uw,vw e E(G) .

Lemma5.1. Let n>4. Then the 2-good-neighbor
diagnosability of the crossed cube CQ, under MM* model is

less than or equal to 4n—-5,i.e., t,(CQ,)<4n-5.

Proof. Let A bedefinedin Lemma3.11, F, =N, (A), and
F,=AUN (A). By Lemma3.11, |F, |=4n-8,

| F, |=4n—4, F isa2-good-neighbor cut of CQ,, and

CQ, — F, has two components CQ, —F, and CQ,[A]. Thus,
F, and F, are both 2-good-neighbor faulty sets of CQ, with
|F |=4n—-8 and | F, |=4n—4. Since A=FAF, and

Neo, (A) =F, = F,, there is no edge of CQ, between
V(CQ,)\(RUF,) and FAF,. By Theorem 5.1, CQ, is not
2-good-neighbor (4n—4) -diagnosable under MM* model.

By the definition of 2-good-neighbor diagnosability, we can
deduce that the 2-good-neighbor diagnosability of CQ, is

less than 4n—4, i.e., t,(CQ,) <4n-5. The proof is

complete.
Lemma5.2. Let n>5. Then the 2-good-neighbor

diagnosability of the crossed cube CQ, under MM* model is
more than or equal to 4n—5,i.e,, t,(CQ,)=4n-5.

Proof. By the definition of 2-good-neighbor diagnosability,
it is sufficient to show that CQ, is 2-good-neighbor

(4n-5) -diagnosable. On the contrary, there are two distinct
2-good-neighbors faulty subsets F, and F, of CQ, with

| F |[€4n-5 and | F, |[<4n—5, but the vertex set pair

(R, F,) is not satisfied with any one condition in Theorem
5.1. Without loss of generality, assume that F,\F, =< .
Similarly to the discussion on V(CQ,) = F UF, in Lemma
4.2, we can deduce V(CQ,) = K UF,.

Claim1. CQ, (R UF,) has no isolated vertex.

We suppose, on the contrary, that CQ, —(F, UF,) has at
least one isolated vertex w . Since F, is a 2-good-neighbor
faulty set, there are two vertices u,v in F,\ F, such that w
is adjacentto u and v. Thus, (F,F,) is satisfied with

condition (3). This contradicts with our hypothesis.
Similarly to the discussion on F, is a 2-good-neighbor faulty

set. Therefore, CQ, —(F,UF,) has no isolated vertex.
The proof of Claim 1 is complete.
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Let ueV(CQ,)\(FUF,).ByClaim 1, u has at least one
neighbor in CQ, —(F, UF,) . Since (F,,F,) is not satisfied
with any one condition in Theorem 5.1, u has no neighbor in
F.AF, . By the arbitrariness of u, there is no edge between
V(CQ,)\(FRUF,) and FAF,. Since F, and F, are two
2-good-neighbor faulty set, every component H, of
CQ,-(RUF,) has 6(H;) =2, every component B, of
CQ,([F,\F]) has 6(B;) =2, and every component C, of
CQ,([F\FE]) has 6(C,)>2 when F\F, #&. Thus,
F, NF, is also a 2-good-neighbor faulty set. Since
S(CQ,[R,\F])=>2,by Lemma 3.8, |F,\F [>4. Since
there is no edge between CQ, —(F, UF,) and FAF,, we
have F, NF, isa 2-good-neighbor cut of CQ,. By Theorem
3.1, we have | F,NF, [>24n—-8. Therefore,
|FHRE\R|+|FENF, [=4+(4n—-8)=4n—4, which
contradicts | F, [<4n—-5. Therefore, CQ, is
2-good-neighbor (4n—5) -diagnosable, i.e.,
t,(CQ,) =4n—-5. The proof is complete.

Combining Lemmas 5.1 and 5.2, we can get the following
theorem.
Theorem 5.2. Let n>5. Then the 2-good-neighbors

diagnosability of the crossed cube CQ, under MM* model is
4n-5,i.e, t,(CQ,)=4n-5.

IV. CONCLUSION

We prove that the 2-good-neighbor connectivity of CQ, is
4n—8 for n>4. Moreover, CQ, is tightly (4n—8) super
2-good-neighbor connected for n>6. Then we determine
that the 2-good-neighbor diagnosability of CQ, is 4n—5

under the PMC model and MM* model for n>5. On the
basis of this study, the researchers can continue to study the
g -good-neighbors connectivity and diagnosability.
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