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Wave Equation of a Particle with the Exponential
Hamiltonian in the Gravitational and
Electromagnetic Field

N. Perkovié, M. Stoji¢

Abstract— This paper presents a unified view of the
relativistic motion of a particle in the gravitational and
electromagnetic field. Deliberationhas been carried out
withinthe Dirac quantum mechanical theory by using
exponential metrics. This theoretical concept brings us to an
algebraic sixth-degree equation and solving the equation isa
complex mathematical problem. In this paper, we show the
solutionfor a basic state of the system and indicated quantum
gravitational effects in the area of Planck dimensions.

Index Terms— relativistic motion, sixth-degree equation .

I. INTRODUCTION

Relativistic description of a body state mass m in the
gravitational field of a source mass M, where M > m, will be
conducted by using Einstein’s mass-energy relation E =
mc?[1, 2].

A dotted body of the mass m is located in the gravitational
field

- Rc?

g = —WT,(].)

whereR = i—'zwis a gravitational radius.

The gravitational force between the two masses will be:

= Rc?

F= —Emr 2)

Work ofthe force F in the gravitational field g equals the
change of internal energy

AU = — Fdit = F<m g2 (3)

|72

Since

dE, = —dU = c?dm, (4)

a differential equation which shows the change of the body
mass in the gravitational field derives from the equations (3)

and (4):
= - 25dlFl )

Furthermore, by integrating the equation (5) the following
mass equationis obtained:

m = myeR/" (6)

where m = m,, when |#| - oo[3].

Including the mass expression from the equation (6) into
theequation (3), the change of the internal energy will be:

2 R/r
du =2 e g2 ()
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Since

dH = dE, + dU, (8)

from the equations (4) and (7), we get Hamiltonian
particles of the mass m in the gravitational field of the source
M[5].

H =mc?e R/r(9)

Hamiltonian (9) has an exponential member which shows
that total energy of the particle depends on its position in the
gravitational field.

Il. INTERACTION OF THE PARTICLE WITH THE
GRAVITATIONAL AND ELECTROMAGNETIC FIELD WITHIN THE
DIRAC QUANTUM MECHANICAL THEORY

Using relativistic relations between energy and impulses,
Hamiltonian particles can be written in the following form:

H=e Rlre |gipp; +m2ci,j=1,2, 3(10)

where gY isa metric tensor which, in this case, has
diagonal components:

gil = e2R/7,
g2 = r2e2Rir, (9 _ g)
g% = r2e2R/r,

gOO — —B_ZR/T.(ll)

In Dirac’s approach, Hamiltonian has a linear dependence
on the impulse so the equation can be written:

H = e R/"(cap + pmc?),(12)

where a and B are matrices while pgis the impulseof the
particle mass m. Comparing the equations (10) and (12), the
relationship between the matrices a and gis obtained as well
as their connection to the impulse and the metric tensor.

The following relations are established by conducting the
calculation:

{a;, o} = 297 6,6,/ — Kronecker symbol

{Ofi, ﬁ} = 01

af =pr=1,

[pi,@/] =0,

a'(r) =+/g"ap,(13)

where af, represents Dirac's matrices.Hamiltonian

operating (12) on the wavefunction wis shown with the
equation:

Hy = e R/"c (ap + pmc) Y = Ey (14)

or:

@ = (Ze"" ~ pme)y. (15)

By applying the relations (13), the impulse p can be
replaced by a covariant differential operator D,

WwWw.ijntr.org



Wave Equation of a Particle with the Exponential Hamiltonian in the Gravitational and Electromagnetic Field

p. = —ihD, = —ih (9, + I,)), Bv=0,1,2,3(16)
where I"k represents Christoffel symbols. Taking the
wave function y in the following form
Y1\ _1(FY
v= <¢z) - ;<iG;’L_>(17)
and using already known properties of amatrix when
operating on the wave function, i.e.

ph+é-Lyp=-(1I+1)w
vt = —Jgvi I = [g1.(18)

the equation (15) takes the form:
3 1
b [BF(r) +ILFG) + e—ER/rH’T/Z F(r)] _ (£e3R/r n

ar c

eZR/Tmc) G(r),

3 1
h[- 20 p360) + e G =

Ge“/r - eZR/rmc) F(r).(19)

Equations (19) that we had obtained are valid for the
gravitational field of the mass source M[4]. The equations
can also be extended to the electromagnetic field which is
achieved by adding vector potential of the electromagnetic
field Az = (4;, Ap)into the equation (16) whereby

pg = —ihDy » —ih(dy + I + iedy).

The operation of the covariational operatorDy is defined
by the following equation:

Diyp” = (09" + Iy ¥")-

For a simpler consideration, we will assume that magnetic
components of vector potential equal zero, i.e. 4; =0, i #
0, while electric component A, = ¢, so ultimately the
equation (16) becomes:

p, = —ihD, = —ih(9, + I, + ieA, - &,), Bv=
0,1,2,3.

In this way the equations (19) become:

3 1 -
h [al;ir) +ILF(r) + e 27 —I+r/2 F(r)] = (—E Ce(p e3R/m 4

eZR/rmc) G(r),

3 1
h [— PO _[36(r) +e L G(r)] =

(@e”” - eZR/rmc) F(r). (20)
We look for the solutions of the equations (20) for a
potential ¢ = —Zr—e ,whereby introducing a new variable

p = er.

By developingthe order of exponential members to the
second member and transitioning to the natural system of
units(h = ¢ = 1),the equations (20) can be written:

1
e[aF—m+MF(r)] = [E+m+R—S(3E+2m+
, ap P P
A
2] 6o,
6w | 1=, _ Re

2
Z) ey

In order to make the solutions of the equations (21) regular
when r = 0 and r = oo, the functions F(p)and G(p) are
taken in the form:

F(p) = p°ePa,p™,

G(p) = p*e b, p" (22)
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Development coefficients of the functions F(p)andG (p)
satisfy the following conditions:

a, #0,

b, # 0,

An' v = bn’+k =0 y VkEN(23)

Using the functions (22) and properties of the coefficients
(23), the equations (21) become:

e(s+n+1+1+ 1/2)an+1 —ea, = (E+m)b, +
eR (3E +2m+ ZR%Z) byi1,
g(-s—n-1+41- 1/2)bn+1 + &b, = (E —m)a, +

eR (3E — 2m + ZR%Z) ayiq.(24)

Comparing the two equations (24) for the selected n, we
obtain a relationfor determiningeigenvalues. For instance,
there is a relation forn = n':

g2 =m? — E2,(25)

For n = —1we obtain the following equation:

1732 2 2 ze2\? 2p2

(s+1/,) =1 —R*(3E+%) +4m?R*(26)

And forn = n' — 1 we obtain the following equation:

e(s+n' +1/,) = RBE? — 2m?) — ZeE = 0.(27)

From the equations (26) and (27) we can eliminate the
parameter s, andby using the relation (25), the eigenvalue
equationis obtained in the following form:

63Rn 4 €2(n'2 — I — R*m?) — 2en' Rm? +
m?(R*m? + Z%e*) = 2Ze?*Vm? — €2(n'e — Rm?).(28)

By solving the equation (28), the energy spectrum is
obtained.Since it is a sixth-degreeequation, we will look for
the solutions of n' = 0. Thebasic state energy for the
gravitational and electric field is:

_ *Rm?Ze’+ImyI2+R*m2-72¢*

Eipza= 2 RZmZ

.(29)

s> 0 is required for the regularity of the equations
(21),which is satisfied when:

m? >1(3E + ZITZ)2 (30)

Eigenvalues(28) ¢, =+m? —E,* are givenby the
sixth-degree equation, so solving the equation for n' > 0is
not as simple, because with one solution thatmatches the
matter-antimatter, it exists five more solutions that need to be
defined.

I1l. CONCLUSION

This paper shows a relativistic description ofthe motion of
the particle in the gravitational and electromagnetic field. The
calculation has been performed withinthe Dirac quantum
mechanical theoryby using exponential metrics. The
gravitational and electromagnetic field are connected through
the covariant operator Dy .Moreover, the algebraic
sixth-degree eigenvalue equation is obtained by solving the
system of differential equations. Since solving the algebraic
sixth-degree equation presents a complex mathematical
problem, an analysis of the solutions to the basic state has
been performed while other states are to be explored.
Equations that are obtained also describe gravitational
quantum effects which occur when the gravitational radius R
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is in the area of Planck wavelengths, i.e. R ~ 4,.
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