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Regionally Gradient Efficient actuators and Sensors

Soraya Rekkab

Abstract— In this paper, we introduce and characterize the
notions of regional gradient remediability and regionally
gradient efficient actuators. We study their relationship with
regional gradient controllability and sensors. As an application,
we consider the case where the domain is one and two
dimension.

Index Terms—Efficient actuators, gradient controllability,
gradient remediability, sensors.

. INTRODUCTION

Systems analysis concerns a set of concepts that leads to a
better knowledge and understanding of the system and their
evolution. One of the most important concepts is the
remediability, which consists in studying the existence of a
convenient  operator  (efficient actuators) ensuring
compensation of any disturbance acting in the considered
systems. This problem, particularly motivated by pollution
problems, has been introduced and studied first for a class of
parabolic systems in the case of finite time horizon [1] and
there for hyperbolic systems [2]. After, it was largely
developed for other situations (boundary actions of
disturbance, regional, asymptotic, regional asymptotic,
enlarged and enlarged asymptotic cases) [3-7]. Subsequently,
motivated by practical applications, the concept of
remediability was extended to the gradient remediability for
parabolic systems [8].

Since the importance of the so-called regional analysis, we
have extended the gradient remediability to the regional case.

This paper is organized as follows: In the second paragraph,
we start by presenting the problem statement. Then, we
introduce the definitions of the new notions of exact regional
gradient remediability and weak regional gradient
remediability and their characterizations.

By analogy with the relation between the gradient
remediability and the gradient controllability examined in
previous work [8], it is then natural to study, in the paragraph
3, the relationship between the regional gradient
remediability and the regional gradient controllability. We
show that the regional gradient remediability is weaker and
more supple than the regional gradient controllability of the
parabolic systems, that is to say, if a parabolic system is
regionally gradient controllable, then it is regionally gradient
remediable.

In paragraph 4, we give a characterization of regional gradient
remediability, which shows that the regional gradient
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remediability of any parabolic system may depend on the
structure of the actuators and sensors. Then we introduce and
we characterize the notion of regionally gradient efficient
actuators. The paragraph 5 is consecrated to the applications
in one and two space dimension.

Il. REGIONAL GRADIENT REMEDIABILITY

A. Problem Statement and definitions:

Let Q be an open and bounded subset of
IR" ((n=1,2,3) with a regular boundary 6Q. Fix T >0
and let denoted by Q =Qx 0, T[, £=aQx [0, T[.

Consider the system described by the parabolic equation

%(x,t)z Ay(x,t)+ Bu(t)+ f(xt) Q

y(x,0)=y°(x)
y(&t)=0 s

)

where A is a second order linear differential operator,
which generates a strongly continuous semi-group

(S(t))., onthe Hilbert space L*(Q) . (S*(t))tzo is
considered for the adjoint semi-group of (S(t))lzo .

Be /(U,X)uel’(0,T;U) where U is a Hilbert
space representing the control space and X = H;(Q) the
state space. The disturbance term f e L*(0,T;X) is
generally unknown.

The system (1) admits a unique
yeC(0,T;H(Q)NCH0,T;2()) [9] given by

t t

v, (t)=S(t)y° + .[S(t —s)Bu(s)ds + Is(t —s)f(s)ds

solution

Remark .1
The disturbance function f has a support that can be, in

practical applications, a part @ of the domain Q (a)c Q).

For o€ an open subregion of Q with positive
Lesbegue measure, we consider the operators

7. (@) » (@)

Yy =Y.,
and
7, L(Q) > X ()
y =Y.,
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while their adjoints, denoted by . and ¥, respectively, are

defined by
7 () - (@)
. y onw
y—>;(wy={o onQ\w
and
7, L(w)> (@)
—_ y onw
y_);("’yz{o onQ\w

Consider also the operator V defined by
viH(Q)-((Q))

oy oy oy
Vy=|——,—, ..., —
yo vy (le 0X, ]

n

while V’ its adjoint operator.
The system (1) is augmented by the regional output
equation

Z:,),f (t): CZ(uVyu,f (t) (2)
where Ce ((Lz(a)))n,O), O is a Hilbert space (observation
space). In the case of an observation on [O,T] with J sensors,

we take generally O=1R" .

In the autonomous case, without disturbance ( f =0)

and without control (U=0) the regional observation on
[O,T] is given by

20, (t)=C, VS(t)y’
It is then normal. However, if f =0 and u=0 the

observation is particularly disturbed on o .

The problem consists to study the existence of an input
operator B (actuators), with respect to the output operator
C (sensors) only on a given subregion ® , @ Q) ,

ensuring the gradient compensation at finite time T , of any
disturbance acting on the system, that is

For any f e 2(0,T;X), there exists u € L*(0,T;U) such
that
2y, (t)=Cx,VS(T)y"
this is equivalent to
Cy,VHu+Cy VFf =0
where H and F are two operators defined by

H:L*0T;U)— X

u—Hu= jS(T —s)Bu(s)ds

0
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F:L(0,T;X)— X

f —>Ff= .T[S(T —s)f(s)ds

This leads to the following definitions
Definition .1

1- We say that the system (1) augmented by the output
equation (2) is exactly regionally @ -gradient f -

remediable on [O,T],
ue L2(0,T;U) such that

if there exists a control

Cy,VHu+Cy VFf =0
2-We say that the system (1) augmented by the output
equation (2) is weakly @ -gradient f - remediable on
[O,T], if for every &>0, there exists a control
u e L*(0,T;U) such that

|ICx,VHU+Cy, VFE| . <0

3-We say that the system (1) augmented by the output
equation (2) is exactly (resp. weakly) @ -gradient

remediable on [O,T], if for every f e L*(0,T;X) the
system (1)—(2) is exactly (resp. weakly) o -gradient
f - remediable on [O,T].

B. Characterizations

We can characterize the notions of exact regional gradient
remediability and of weak regional gradient remediability by
the following propositions
Proposition .1

Let f eL*(0,T;X)
1-The system (1) — (2) is exactly o -gradient f -
remediable on [O,T] if and only if
Cy,VFf elm(Cy,VH)
2-The system (1) — (2) is weakly @ -gradient f -
remediable on [O,T] if and only if

Cy VFf e ImiC;(mVH )

Proof

1-We assume that the system (1) — (2) is exactly
o -gradient f - remediable on [O,T], then there exists

uel?(0,T;U) such that
Cy, VHU+Cy VFf =0
Cy,VFf =—Cy, VHu=Cy, VH(-u)=Cy, VHu,

with (U, =-u)
Cy, VFf eImCy, VH.

u, el?(0,T;U)  then

Conversely, we assume that Cy VFf elmCy, VH ,

then  there exists uel?(0,T;U) such that
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Cy VFf =Cy,VHu that is Cy,VFf —Cy VHU=0 this
gives Cy,VFf +Cy, VH(-u)=0.

We put u, =—u e L*(0,T;U) where the system (1) — (2) is
exactly o -gradient f - remediable on [0,T].

2-We assume that the system (1) — (2) is weakly
o -gradient f - remediable on [O,T],then

Ve >0,3uel’(0,T;U) such that
ICx,VFf +Cy,VHU|| . <& , thatis to say
Ve&>0,3uel?(0,T;U) such that

|[Cx VFf —Cx, VH(-u)| . <&.

IR
We put u, =-u e L2(0,T;U), then
Ve >0,3u, € L*(0,T;U) such that
ICx,VFf —Cx,VHu, . <&, this gives

Cy, VFf e ImiC;(wVH ).

Conversely, we assume that Cy, VFf er then
Ve >0,3u, € L2(0,T;U) such that

||C;((”VFf —C;(WVHUIHW <e.

We put u, = -u e L*(0,T;U), then

Ve >0,3u e L?(0,T;U) such that

|Cx,VFf +Cy,VHU| . <& where the system (1) — (2) is
weakly @ -gradient f - remediable on [O,T].
Proposition .2
1-The system (1) — (2) is exactly @ -gradient remediable
on [O,T] if and only if
ImCy, VF < ImCy, VH

2-The system (1) — (2) is weakly o -gradient remediable
on [O,T] if and only if

ImCy VF cImCy, VH
Proof
1-We assume that the system (1) — (2) is exactly

o -gradient remediable on [O,T] then Vf e L*(0,T;X)
the system (1) — (2) is exactly o -gradient f - remediable
on [O,T] and from the Proposition .1, we have,
v e (0,T;X): Cy, VFf eImCy,VH , this gives

ImCy, VF < ImCy, VH

Conversely, we assume that

ImMCy, VF —ImCy VH and we show that the system
(1)—(2) is exactly o -gradient remediable on [O,T]. Let
f € 2(0,T;X) then Cy,VFf eImCy, VF

since ImMCy, VF < ImCy_ VH we have
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Cy, VFf eImCy VH then there exists

uel?(0,T;U) such that Cy VFf=Cy VHu that is
Cy, VFf —Cy VHu =0 this gives

Cy,VFf +Cy, VH(-u)=0

We put u, =—u e L*(0,T;U) where the system (1) — (2) is

exactly o -gradient remediable on [O,T].

2-We assume that the system (1) — (2) is weakly
o -gradient remediable on [O,T] , then
v e *(0,T;X) the system (1) — (2) is weakly
o -gradient f - remediable on [O,T] and from the
Proposition .1, we have, Vf eLz(O,T;X)

Cy, VFf elImCy VH , this gives
ImCy, VF cImCy VH

Conversely, we assume that ImCy, VF Wand
we show that the system (1) — (2) is weakly @ -gradient
remediable on [O,T].

Let fel?(0T;X) then Cy, VFfelmCy,VF since
ImCy,VF < ImCy,VH then Cy, VFf eIm(Cy,VH)
this leads to Ve>0,3uel?(0,T;U) such that
||C;(wVFf _CZMVHU".RQ <&

by putting u, =—u e L*(0,T;U) this gives

Ve >0,3u, € L*(0,T;U) such that

|Cx,VFf +Cy,VHu, . <& where the system (1) — (2) is
weakly @ -gradient remediable.

I1l. REGIONAL GRADIENT REMEDIABILITY AND REGIONAL
GRADIENT CONTROLABILITY

Firstly, we recall the definition of exact and weak regional
gradient controllability given in [10].
Definition .2

1-The system (1) is said to be exactly @ -gradient
controllable on [0,T], if vy® e(L*(w))" there exist a
control u e L*(0,T;U ) such that

2,Vy(T)=y’
2-The system (1) is said weakly o -gradient controllable
on [0,T] if vy* e(L2(0))", V&>0,

there exist a control u e L2(0,T;U ) such that

";(wa(T)— y’ ”(u(m))" <&

Then, we have the following proposition
Proposition .3

If the system (1) — (2) is exactly @ -gradient controllable on
[O,T], then it is exactly o -gradient remediable on [O,T].
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2- If the system (1) — (2) is weakly o -gradient controllable
on [O,T], then it is weakly o -gradient remediable on

[0,T].
Proof

1- We assume that the system (1) — (2) is exactly
@ -gradient controllable on [O,T] and let

y* =x,VS(T)y® then there exists uel*(0,T;U)
such that y,Vy(T)=x,VS(T)y° and since the
linearity of the operator restriction y  we obtain
2, VS(T)Y® + x,VHu+ y, VFf =z VS(T)y®  this
leads to  y VHu+y VFf=0  then let
Cy,VHu +Cy VFf =0 and then the system (1) - (2)
is exactly o -gradient remediable on [O,T].

We assume that the system (1) — (2) is weakly o -gradient
controllable on [0,T] and let y®=4,VS(T)y° then
Ve >0, uel?(0,T;U) that
|2, vy() = 2,98(T)y° ., <&~ that s to say

there  exists such
|z, VHU + x, VFf ||(L2(m))“ <e.

Since the operator C is continue, consequently we have
ICx,VHu+Cy, VFf| . <k|z,VHu+ y, VFf ||(L2 Wy With

k >0 where the system (1) — (2) is weakly o -gradient
remediable on [O,T].

IV. REGIONALLY GRADIENT EFFICIENT ACTUATORS AND
SENSORS

We suppose that the system (1) is excited by p zone
actuators (,,9,)...,.9, € Hi(Q,), Q, in this case the
control space is U = IR" and the operator B is given by

B: IR’ > X
u(t)= (,(t).u, ).....u, () > Bu = Zp:z (x)g, (xu, t)
Its adjoint is given by
B’z :((gl,z>ﬁi,<gz,z>92,...,<gp,z>uj R (3

Also suppose that the regional output of the system (2) is
given by q sensors (D,.h)....h eL’(D), being the
spatial distribution, D, =supph, cw for i=1...,q and
DND,=¢ for i=], that is the sensors are located
regionally, then the operator C is defined by

C: () > IR

cy(o{zn:m.<t>>Lz<D]>,---,Z<hq,v- <t>>w}

i=1 i=1

its adjoint is given by C" with for6=(6,,6,....,6, € IR®

v/
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C'o= [Zz o, (x)... Zz oh, (X)] e(L(w))

i=1 i=1
(4)
Lemma .1l [11]
Let VW and Z be reflexive Banach spaces,
Pe(V,Z2) and Qe v(W,Z) .
properties are equivalent:

Then the following

i. ImPcImQ
ii. 3y >0 suchthat [Pz’ <7|QzY .. vz'eZ

We have the following characterizations
Proposition .4

1- The system (1) - (2) is exactly o -gradient remediable on
[O,T] if and only if there exists >0 such that for

every 6 € IR*, we have
|s"(r-)v x.cq|.
<y[B's*(T-)v x.Cg

2(0,T; X")
(0,75 1R?)

2-The system (1) - (2) is weakly @ -gradient remediable on
[0,T] if and only if
ker(B*F*V*;(;C*)z ker(F*V*g;C*)

Proof

1-1t follows from the fact that
F'VyC=sT-)VygC and that
H'V' 7'C'=B'S'(T-)V'y.C" and since the

Proposition .2, we put P=Cy VF and Q=Cy_ VH

and using the lemma .1.
2-We assume that the system (1) - (2) is weakly
o -gradient remediable on [O,T]and we show that

PR

ker(B'F'V' z.C")=ker(F'V'4.C")

*****

{ Fr=s'(T-)

H =B'S'(T-))
then,

*o ko

B'F'V 4 C'0=0=HV' 4.C'0=0
this gives 6 eker(H V" zC")and we have
Im(Cy,VH)=[ker(H'V"z.C")]'.

Since the hypothesis and the Proposition .2, we have
ImMCy, VF cImCy_ VH then

ImCy,VF < [ker(H'V" z.C" )
=Vfel?(0,T;X):Cy,VFf e[ker(H V' z.C")|!
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= (Cy,VFf,0)=0 because 6 eker(H'V' 7.C")
=0e[ImCy, VF] =ker(F'V'z.C")
Where the result.
Conversely, assume that
ker(B'F'V"z.C")=ker(F"V" #.C") and we show that
ImCy, VF c W
Let f € L*(0,T;X) suchthat f elmCy,VF , we have
ImCy,VH =[ker(H'V" z.C*)]".
For every @ e IR" suchthat H'V'y.C'0=0, that is
B'F'V y C'9=0wehave F'V ¥ C'@=0 because
ker(B'F'V' 7.C")=ker(F'V'4.C"),
then(Cy,VFf,6) =0
Where the result.

Corollary .1

The system (1) - (2) is exactly o - gradient remediable on
[0,T] if and only if 3y >0 such that V& e IR®, we have

J."S*(T—S) * {: *
0 p .
S;/ZJ.@,,S(T SV 7C'6)’, s

2
) ds

Proof

Since the Proposition .1, the system (1) - (2) is exactly
o -gradient remediable on [0,T] if and only if there exists

¥ >0 such that for every 6 < IR, we have

(T- )v 7.C 9||

Sy"B S )

OTX

C 0||

0T IR"

By using (3) the formula of the operator B, we have
T
* w w kA2
I |s'(r—s)v'x.Ce|, ds
0

p T
<y I (0,57 ~s)V'£C6) ds
i=1 7

Where the result.

In the suite, we consider without loss of generality, the
system (1) with a dynamics A of the form

Ay =2 Z(ywm,> w,,, vy e D(A)

v/
NF.(‘.leg(,‘ll

where (ij)ﬁf” is an orthogonal basis in H;(Q) of

eigenvectors of A orthonormal in LZ(Q), associated to

eigenvalues A, <0 with a multiplicity r, . It is well known

that A generates on the Hilbert space L*(Q) a strongly
continuous semi-group (S (’[))‘20 given by [12, 13]

Ze”Z<

m>1 j

>LZ(Q)ij (5)

Corollary .2

The system (1)-(2) is exactly o -gradient remediable on
[O,T] if and only if 3y >0 such that V& <IR", we have

rm

1 T ol
> -y (icovw),
m>1 m j

p T r, 2
< 72."[2 eam(TfS)Z <Z;C*9, Vij><gi, W ; >J ds
i1 % \mat =

Proof

Since the corollary .1, the system (1) - (2) is exactly
o -gradient remediable on [O,T] if and only if there exists

y >0 such that for every 6 e IR, we have

T
j [s°(T—s)v r-Cel ds
0

p T
< 7ZI<9‘ ST —S)V*;(;C*9>izml)ds
.

By using the formula (5) of the operator S™, we obtain

T
[Istr-sp szl s
0

T

= jzezzm(Ts)z<Z;V*C*9, ij>2d5

o mx1 j=1

I,

Y e 1) (rcovw,,)
m>1 m

j=1
and

p T

Z J. (9.,8°(T-svV'x,Co),, ds=

i=1

ZJ[Z e Z VZ.Cow,) g.,vvm,)szs
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Where the result.
By using (5) the formula of the operator C*, we have the
following corollary

Corollary .3

The system (1) - (2) is exactly o -gradient remediable on
[O,T] if and only if 3y >0 such that V&< IR*, we have

"' n q 2

oW, .

> > > on S
22, , x /.
m>1 m j=L k=l 1=l L

(o))

p T I n q 2
oW,
53] [HIZDATE) 3 It
i=1 T m>1 j=1 k=1 1=l aXk

Proof

Since the corollary .2, the system (1) - (2) is exactly
regionally gradient remediable in @ on [O,T] if and only if

there exists y >0 such that for every 8 e IR, we have

1, e
Zﬁ(ew _1)Z<Z oG 6 V¥l >(2u(sz)>”

=

<7ZI{Z Z PRAALE <gi,wmj>J2ds

in addition, by using (4) the formula of the operator C", we

obtain
<7( Co,vw >(L2(n))" <C 0.7, VW >(L2(f"))"
q
E ;(D,glhl anJ
Z(L}
I;l axl
OW .

Where the result.

v/
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This characterization shows that the remediability of a
system may depend on the structure of the actuators and
sensors.

By analogy with the concept of regionally gradient
strategic actuator, we introduce the notion of regionally
gradient efficient actuator, as follows

Definition .3

The actuators (©2,,9,)...,.9, € L’(Q,) are said to be

regionally gradient efficient if the system (1) - (2) so excited
is weakly regionally gradient remediable.

The actuators regionally gradient efficient define actions
with the structure (spatial distribution, location and
number) can compensate the effect of disturbance
distributed on the system.

We have then the following characterization of the
regionally gradient efficient actuators.

let M_ be the matrix of order (pxr,)
=(<gi,wmj>)ij,1sis pand 1< j<r and

For m>1,
defined by M,

let G,

n an_
G, - § <h >
= X [ 2o

Proposition .5

be the matrix of order (qxrm) defined by

,1<i<q and 1< j<r,.

i

The actuators (©,,9,)...,.9, € L°(€,) are o -gradient
efficient if and only if

ker (V' 2.C")=ker(M, f)

m>1

where, for m>1,

fr:0eIR' - f2(0)=

(v zcow, )\ (v rcomw,)..
eIR"™

(v zcow, )

Proof
1-We assume that the actuators (Q,,9,)...,.9, € L*(,)
are o -gradient efficient and we show that

ker(V' 7 C")= Qlker(Mm f)

Since the proposition .1, the system (1) - (2) is weakly
o -gradient remediable on [O,T] if and only if

kerf(B'F'V'4.C")=ker(F'V'4.C")

Let 8 IR, we have
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B'F'V £, C'0=BS'(T-V4C0
(9,8 (T -V 2.C0)...
(9.,5(T-V'7.C0)..,

(9., 5" (T-V'2.C0)..,

Zelm(T*-)Z <V*Z;C*9, ij >L2(Q><gl ’ ij >L2(Ql)

m>1 j=1

_ Zelmwﬁ)z <V*Z;Cx9’ W”‘J >L2(g1)<gz ! ij >L2(Qz)
m21 j=1 .

Zezm(p.)z <V*Z;C*9, W, >LZ(Q)<9 pr Wi >L2(Qp)
m>1 i=

and we have Ym>1,

rm

Z<V*;{;C*6’; Woy >L2(g)<gl’ Woy >LZ(Q]]

=1
rm

M fm(g)z Z<V*}(;C*9;ij>L2(Q)<gz,ij>L2(Qz>

i=1

'

Z<V*Z;C*9? Wy >L2(a)<gp W >L2(nu)

=

If we assume that 6 < ker(M . fr;”), then

m=1

Oe ker(Mm fm“’), ymzl=

rm

Z<V*;{;C*9; ij><gi,wmj>:0, Viefl,2,...,p}, vym=>1

j=1
= ZEZ”(T_')ZM:W*Z;C*H W ><gi Vo >LZ(Q‘> =0
j=1

m>1
Vie{l,2,...,p} vym>1

*****

Kk K ek

n ker(M, f2)=ker(B'F'V'4.C")

On the other hand, we have for every 6 < IR,

F'V 4, C0=S(T-)VyC0

- Ze‘“’"“')z<v*;{;c*9,wmj >ij
m>1 j=1

We assume that 6  ker(F V" zC"), then
F'V'%.C6=0

v/
N{‘.xl?gcn
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FV7Co=S(T-VyCo

:Zeﬂ‘m“->2<v*;{;c*9,wmj>wmj =0
m>1 j=1

:ZZ<V*Z;C*9'WmJ>ij =0

m>1 j=1
— V' 7.C0=0c0eker(V y.C)
Then,
ker(F'V" 7 C")cker(V'z.C")

If we assume that @ e ker(V" 7C"), then V"4’ C'0=0
that is to say

F*V*Z;C*QZ Zeim(T—.)Z<v*l;C*elej >ij :0
m>1 j=1

=0e ker(F*V*;(;C*)
then ker(V" 7 C")cker(F'V"%/C") that i to say
ker(V'7.C")=ker(F'V"'4.C")
Where the result.

Corollary .4

If there exists m, =1 such that
rankG, =q (6)

then the actuators (Q,,9,)...,9, € L2(Q,) are regionally

gradient efficient if and only if

Nker(M,G; )= 0}

1<i<p

Proof

Let 8 <IR?, then

0eNker(M,G!) < (M,G)o=0, vm=1

m=1

g ' n
oW,
DN IERINY 3=-S PR
k=1

=1 j=1

vm=1Vi=1]..., p

< Z<9i’wmi >L2<Q‘) (Vz.cw, >L2(n) =0,
=

vm>1Vvi=1...,p
(M, f2)p=0vm=1

<:>o9€m(31ker(Mm fm‘”)
this gives
Nker(M,G} )= Nker(M, f)
On the other hand,
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Oeker(V 7.C')e V' 4.C'0=0
then for m, that appear in the hypothesis and by using

(4) the formula of the operator C*, we obtain

(V2LCT0Ms) ) =(CT0 2T )

q n a\Nm )
DIICH IR
OX, ’
1= K v (o)

=G, 0=0<0ckerG,
and since rankG] =qthen kerG, = {0} this gives
@=0. That is to say
ker (V' z.C")={0}

Finally, the demonstration follows directly from the
Proposition .2.

Corollary .5

If there exists m, >1 such that
rank (G;U ): q
and if
rank (M .G, )= q )
Or
rank (M n ): o 8)

then the actuators (Q,,9,)..,.9, € L’(€,) are regionally
gradient efficient.

Proof

Assume that there exists

rank (MnaGnTﬂ)zq.

m,>1 such that

The matrix (MmuG;u) is of order pxq . From the
theorem of rank to matrices [14], we have

rank (M G, )+ dim (ker (M G, )): q
then dim (ker (M .G, )): 0 witch is equivalent to
ker (MG )={o}= (]Jker(M Gl)=1o}

Since the Corollary .4, that is equivalent to the regionally
gradient efficient of the actuators (,,9,)....,.9, € L'(%,).

Now, we suppose that rank (G;o):q and

rank(Mmu)z r .

mO

The matrix (G;D) is of order r, xq. By using the theorem
of rank to matrices [14], we have

rank (G;D )+ dim (ker (Glo )): q

then, dim (ker (GJQ ))= 0. That is equivalent to

v/
N{‘.xl?gcn

Re:

ker (G1,)= {0} (©)
The same, the matrix (M, ) is of order pxr, . By using
the theorem of rank for matrices [14], we have
rang (M m0)+ dim (ker (M m ))= I

And from (8), we obtain dim(ker(M, ))=0 which is
equivalent to

ker (M, )= {0} (10)

On the other hand, let @eker (MmOGrT%) , then
(M, G! )o =0 which gives M, (G76)=0.

From (10), we obtain GH:GH:O and from (9), we obtain
=0 then ker (M, G! )=1{0} and then,

ker(M,G7)= 0

which is equivalent, from the Corollary .4, to the regionally
gradient efficient of the actuators (Q,,9,)...,. 9, € L*(%,).

Remark .2
1) The condition (7) =q<p

2) The condition q< p is not necessary for actuators

to be regionally gradient efficient. Indeed, in the

case of a single actuator (Ql,gl) and of ¢
sensors(D,,h,)..., with g >1,

1<i<q !

M, = (<gl,wmj>)KJSr is of order (1xr, )and

Gl = z h, Wy, is of order (r, xq)
O | etz

k=1 K

consequently

MG =| 33 (g, w,,)(h oy,
m—m i 17 "mj i? axk .
I<i<q

is of order (1xq).

From the Corollary .4, if there exists m, >1 such
that rankG;" =q, then (Ql,gl) is regionally

gradient efficient if and only if (ker(M,G!)={0}.
m>1

Then, if there exists n,,n,,...,n, suchthat n, #n,
for i= j and

N ker(M, G! )= o} (12)

i=l,m

then (Ql,gl) is regionally gradient efficient. In
particular if m=q, the condition (11) is equivalent to
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V. APPLICATIONS

Let @ be an open and bounded subset of IR", with a
sufficiently regular boundary T =8Q . We consider the
following diffusion system with a Dirichlet boundary
condition

Zat)=aybxt)+ 3 z,0,60u0) x|

y(x,0)=y°*(x ), Q (12
oQx o, T[

For wc Q) an open subregion of Q with positive
Lesbegue measure, the system (12) is augmented by the
regional output equation

z=Cx,Vy=

: : @)
ha) - Eha) )

If the system (12) is disturbed by f e L*(0,T;L2(Q2)), it is
written

- Z
xt =A xt
8'[( y( P

=y°(x) o)
0 oQx 0, T[

)+ f(x,t)Qx ], T[

(14)

The operator A admits an orthonormal basis of
eigenfunctions (wm j)ﬂz_l associated with the eigenvalues
<j<r,

(4, ),... of multiplicity r, and given by

AW, =AW

oW, ;0 vVm>1and j=1...,r .
Application 1:

Case one dimensional with a)cQ:h]{ . The
eigenfunctions of A are given by

w,(x)=+/2sin(mzx); ¥m>=1 and the associated

eigenvalues are simple and given by
A, =-m’z*; V¥m=>1. The semi-group generated by A is

given by

v/
NF.(‘.leg(,‘ll

S(t)y=> e (y.w,)w,

m>1

In the case of a sensor (D,h), with D =supp(h)c @ . Let

dw
m, such that <h, 5 o > # 0. By using the Corollary .5,
X L*(D)

an actuator (Ql,gl) is regionally gradient efficient if and

only if(g,,w, ) #0, let [g,(x)sin(m,zx)dx 0. Thus for

example, if g,=w, , then the actuator (Ql,gl) is
regionally gradient efficient.

Application 2:

Case of a rectangle with @ = Q=10,e[x]0,4[. In this
case, the eigenvectors of A are defined by

w,, (x,y)= \/j_ﬂsin[m;rxjsin[n;y} m,n>1

eigenvalues are

and the associated
m?> n?

/lmn :—(—Z'FFJﬂ'Z ymn 21
(04

It is known [15], that in the case of a square domain, with
a=p4=1, we have A_ =—(m2 +n2);r2 and supr,, =1.

m,nx1

From the Corollary .5, the system (14) augmented by (13) is
weakly regionally gradient remediable in @< Q if there

exists m,,n, =1 such that

rank(GLﬂ )_ rank(M G, ) q

Mgy My,

Thus, in the case of a sensor, a single actuator may be
regionally gradient efficient, for any « and £ . Indeed,

(Q1 gl) is regionally gradient efficient if there exists
m, , N, =1 such that

< mgn < ann
2.9 WW>< >+ (9w >< - >¢0<15>
i =1 oy
where (Wmono ; )K,-g are the eigenvectors associated with the
eigenvalue 4, . That is the case for example if

g9, =W, ., Where mn, j, are such that

aWmn j 8\Nmn j
h,—l +{h,—"0 #0
ox L*(D) ay L*(D)

what is always possible because h is not identically zero.
Then, the actuator (Ql, gl) is regionally gradient efficient.

Remark .3

2
1) In the case where a—le , we have
ﬂz

r.,=1;, vmnz=1 [15],
becomes

<91,Wmunu ><h%> + <91,Wmunu ><h%> #0

the condition (15)
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that is to say

% g,(x, y)sin(mijsin(n"; yjdxdyx-!:h(x, y)

(mo (moﬁxj . (noﬂyj N, . (moﬁxj (noﬂyD
— co sin +—2sin cos
a a p p a p

dxdy =0

with D =supp(h)c .

In the case of a square domain, the condition (15) becomes

> [ ooy
=4

ow ow_ .
J‘h(x, y)( a;”("”’ (x,y)+ am;"“’ (x, y)]dxdy;é 0

One actuator may be regionally gradient efficient. Thus, for
example, h such that

a\Nmn a\Nm N j,
h, —k +{ h,—2 #0and g, =w,,,
ox L*(D) ay L*(D)

the actuator (Ql,gl) is regionally gradient efficient.

VI. CONCLUSION

The concept developed in this paper is related to the
regional gradient remediability in connection with the
regionally gradient efficient actuators. Then, new notions of
weak and exact regional gradient remediability are introduced
and characterized. The relation between the notion of
regional gradient remediability and the notion of regional
gradient controllability is also study. We have shown that a
system parabolic is regionally gradient remediable if it is
regionally gradient controllable. Main properties and
characterization results are given. Furthermore, we have
shown that the exact and weak regional gradient
remediability of a system may depend on the structure and the
number of the actuators and sensors. Various interesting
results concerning the choice of the regionally gradient
efficient actuators and applications to a diffusion system are
given. Many questions remain open, such as the choice of the
optimal control ensuring the regional gradient remediability
using an extension of Hilbert Uniqueness Method. This
question is still under consideration and the results with
numerical simulations will appear in a separate paper.

REFERENCES

[1] L. Afifi., A. Chafiai and A. El Jai, “Compensation Spatial en Temps
Fini dans les Systémes Distribués,” L.T.S, Université de Perpignant,
Rapport Interne, 1998, N. 1498.

[2] L. Afifi, A. Chafiai and A. El Jai, “Sensors and actuators for
compensation in hyperbolic systems,” Foorteeth International
Symposium of Mathematical Theory of Networks and Systems,
MTNS’2000, Université de Perpignant, France, June 19-23, 2000.

v/
N{‘.xlgcn

Re: [

[3] L. Afifi., A. Chafiai and A. El Jai, “Spatial Compensation of Boundary
Disturbances by Boundary Actuators,” Int. J. of Applied Mathematics
and Computer Science. Vol. 11, N. 4, 2001, pp. 899-920.

[4] L. Afifi, M. Bahadi and A. Chafiai, “A regional asymptotic analysis
of the Compensation Problem in Distributed Systems,” Applied
Mathematical Sciences. Vol. 1, N. 54, 2007, pp. 2659-2686.

[5] L. Afifi, E. M. Magri. and A. El jai, “Compensation Problem in Finite
Linear Dynamical Systems,” Applied Mathematical Sciences. Vol. 2,
N. 49, 2008, pp. 2219-2238.

[6] L. Afifi, M. Bahadi, A. El Jai and A. El mizane, “Asymptotic Analysis
Approximations and Simulations of the Compensation Problem in
Hyperbolic Systems,” Applied Mathematical Sciences. Vol. 3, N. 15,
2009, pp. 737-765.

[7]1 L. Afifi, M. Hakam, M.. Bahadi and A. El Jai, “Enlarged Asymptotic
Compensation in hyperbolic Systems,” International Mathematical
Forum, Vol. 5, N. 40, 2010, 1973-1992.

[8] S. Rekkab and S. Benhadid, “Gradient Remediability in Linear
Distributed Parabolic Systems Analysis, Approximations and
Simulations,” Journal of Fundamental and Applied Sciences, [S.1.],
Vol. 9, n. 3, pp. 1535-1558, sep. 2017. ISSN 1112-9867. Available at:
<http://www.jfas.info/index.php/jfas/article/view/2203/1414>.  Date
accessed: 03 Dec. 2017. doi:http://dx.doi.org/10.4314/jfas.v9i3.18.

[9] J. L. Lions, “Controlabilité Exacte. Perturbations et Stabilisations
des Systémes Distribués,” Dunod, Paris, 1988.

[10] E. Zerrik, A. Kamal and A. Boutoulout, “Regional Gradient
Controllability and Actuators,” International Journal of Systems
Science, Vol. 33, N. 4, 2002, pp. 239-246.

[11] V. Trenoguine, Analyse fonctionnelle. Edition Mir, Moscou. 1985.

[12] R. F. Curtain and H. Zwart, “An introduction to infinite dimensional
linear systems theory,” Texts in Applied Mathematics,
Springer-Verlag, 21, 1995.

[13] A. El Jai and A. J. Pritchard, “Sensors and actuators in the analysis of
distributed systems,” Ellis Horwood, Series in Applied Mathematics, J.
wiley, 1988.

[14] 1. C. F. Ipsen, “Numerical Matrix Analysis : Linear Systems and Least
Squares,” Society for Industrial and Applied Mathematics,
Philadelphia, 2009.

[15] A. El Jai and S. Yacoubi, “on the number of actuators in parabolic
systems,” International journal of Applied Mathematics and Computer
Science, Vol. 3, n. 4, 1993, pp. 47-64.

Soraya Rekkab is a Professor at Mentouri University, Algeria
since 1998. She received her Doctorate in Applied Mathematics
from Mentouri University Constantine, Algeria, in 2014. She is
the author of several articles published in reputed journals in

regional analysis of distributed parameter systems. Now, she is a member in a
research team in system theory.

152 www.ijntr.org


http://www.jfas.info/index.php/jfas/article/view/2203/1414
http://dx.doi.org/10.4314/jfas.v9i3.18

