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Design of Reliable Control Systems in the Presence
of Actuator or Sensor Degradation

Chieh-chuan Feng, Yun-Yeh Lin,Jun-Jie Yang

Abstract- In this paper we design controller that combines an
observer and a control to handle systems subject to actuator or
sensor degradation (including complete failure). The observer
contains a pre-filter, an adaptive law, and a modified
Luenberger observer that achieves estimation of system state
and estimation of conditions of actuator or sensor. We have
shown that if a set of differential Riccati inequatities (DRI) is
satisfied then the system can be stabilized under actuator
degradation. While in sensor degradation case if an Algebraci
Riccati inequality (ARI) and a DRI are satisfied then the system
is stabilized.

Index Terms- Algebraic Riccati Inequality (ARI); Differential
Riccati Inequaity (DRI); Linear Matrix Inequality (LMI);
Differential Linear Matrix Inequalities (DLMI); Degradation.

l. INTRODUCTION

Reliable control has been studied with one major
assumption that the degradation of actuator or sensor is a
priori, see for example [2], [4], [5], and [6]. We know that in
some system this is not always the case, for example sensor
and actuator array systems. In this paper we design an
observer-based control system in which the function of
observer has been extended not only performs system state
estimation but, more importantly, estimates degraded
condition of actuator or sensor. It is this idea that builds the
observer that has three components: a pre-filter, an adaptive
law, and a modified Luenberger observer. The pre-filter
provides a filtered information from sensor output that is used
for adaptive law to compute (or monitor) the condition of
actuator or sensor. The modified Luenberger observer then
gives an estimate of system state. Lastly, a control gain that is
computed to compensate the actuator or sensor degradation
according to the degraded information of actuator or sensor
and system state from observer.

In the case of sensor degradation the computation of control
gain is straightforward once we had the estimation system
state from modified Luenberger observer. However, in the
presence of actuator degradation the design of control gain
must compensate degraded actuator, which complicates the
design. We have shown that if a set of DRI is satisfied, then
the system can be stabilized in the actuator case. While in
sensor case we need to satisfy an ARI and a DRI to stabilize
the system. Block diagram in Figure 1 shows structure of the
designed system.

Note that we use diag(&(t)) to represent a diagonal matrix
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with its element &1, &2, ...., &m and the dimension is
determined by its contents, i.e.,

e® 0 0 0
0 g, 0 0

diag (&(t)) =
&= 770
0 0 0 &,
Plant T Cogtarianller
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[ |
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Figure 1 Block diagram of system structure

1. STUDY FOR SENSOR DEGRADATION

1) 2.1 System Representation and Problem Description
Consider the following system

X(t) = Ax(t) + Bu(t)

y(t) =Cx(t) )

Y5 () = diag (6(1)) Y (1
where the x(t) e R" represents the control input, y(t) € R" is
the system output, and y,(t) € R" is the true signal output of
the system from sensors. The diagonal element of diag(¢(t)),
dk(t) € R, k=1, ..., v, is to represent the remaining function of
the associated sensor. For example, if an sensor ¢, = 0.80,
then we say the sensor has 80% functioning. u(t) € R™ is the
control signals that will be fed into the actuators with
observed state ( X(t) ) as the feedback signals, i.e.

u(t) = K(t) (2)
with K the feedback gain.
We now consider a state observer of following form:
X(t) = AR(t) + Bu(t) + L(y, (t) - diag(d(t))CX(1))
®)
y(t) =Cx(t)
where (X(t)) € Rn is the state of observer, L is the observer
gain to be designed, y(t) € Rv is an estimation of y(t) and
the true sensor output ys(t) is estimated by (diag(¢3)))‘/(t) .

The construction of #(t) is such that o(t) is estimated.
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In here a class of sensor degradation functions will be
defined. Consider ¢k(t) forallk=1, 2, ..., v. We require ¢K(t)
satisfy the following properties:

1) ¢ € [0, 1].

Agy, (t;
(2)  lim % )
At=0 At

= owhere Agy (1) = ¢ (tj + At — 4 (tj),

except at some time instance that ¢pk(t) jumps toward
zero.
The properties addressed above have the following
interpretations:

(1) ¢k(t) = 0 means the actuator fails. ¢(t) = 1 means the
actuator works properly. A degraded actuator will be 0 <
Ok(t) < 1.

@ lim Ady (i)
At—0 At
piecewise constant process. Under the process we allow
ok(t) to have jumps toward zero.

We now state the observer and controller problem for the

sensor degradation case as follows.

=0 means that the degradation is a

Problem 1 Consider the system (1) with controller (2) and
observer(3). Find, if possible, the controller and observer

which comprises of a pre-filter, an adaptive law for ¢(t), and
a state observer of X(t) with gain L such that

(A)  4(t)is an estimate of ¢(t) and ||;3(t) - ¢(t)|| is bounded
(which will always be the case if 0 < ¢k (t) <1 since
0< ¢k(t) <1 forallk=1,...,v).

(B)

(©)
(D)

X(t) converges to x(t), i.e. tir)noo(k(t) —x(t)) =0.

The state observer is asymptotically stable.
The controller u(t) = KX(t) is such that the

closed-loop system with observer achieving (A), (B),
and (C) is asymptotically stable.

2.2 Main Results

In this section main result for sensor degradation is
addressed.

Theorem 2 Problem 1 has a solution, if there exist
a pre-filter (or error filter)

X = AX + Ly, — L(diag(4))CX (4)

an adaptive law

(1) = I'(diag(¥))" L' Qx V() e D ©)
—TWé(t) + T(diag(y))" L'QX  V(t) e D
where
o= fio| oo <22 ana = o oo - 2|

Ay and -o, are the maximum eigenvalues of WT S_]W >0

and -W —WT +S <0, respectively, for some positive

definite symmetric matrices W and S.
a state observer

¥
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R(t) = AR(t) + Bu (t) + L(y, (t) - diag (§(t))CR(1)) (6)
and a controller
u(t) = KX(t)
such that the following conditions are achieved,
(1) The matrices P and K satisfying

P=P">0
(A+BK)TP+P(A+BK)<0(@)
(2) The matrices Q, and L satisfying
Q=Q">0
Q+(A-L(diag (9))C)" Q +Q(A- L(diag ($))C) <0 (8)
Proof. See Appendix A for proof.

Remark 3 From (7) and (8), it is obvious that the
computation for K and L is independent. The computation for
K is straightforward by transforming to LMI [1], [3].
Likewise by transforming (8) from DRI to differential linear
matrix inequalities (DLMIs) the solution method developed
in [7] can be employed.

2) ...
. STUDY OF ACTUATOR DEGRADATION

3.1 System Representation and Problem Description

Consider the following system
X(t) = Ax(t) + B(diag(s())uc (1) o
y(t) = Cx(1)

where the x(t) € R" is the state and y(t) € R" is the output of

the system. diag(&(t)) with its diagonal element &, (t) € R, k =

1, ..., m, represents the remaining function of the associated

actuator. uc(t) € R™ is the computed control signals that will

be fed into the actuators with observed state ( X(t) ) as the

feedback signals, i.e.

U, (t) = Kx(t)

with ug () = [u] Uy

(10)

u1n_]]T and K the feedback gain.

We consider a state observer of following form:
R(t) = AX(t) + BG(t) + L(y(t) — CX(t))

where X(t) is the estimated state, L is the observer gain to be
designed, and a(t) has the form:

U(t) = (diag (E(1))u, (t)

Define the error X(t) = X(t) — x(t) then we have
X = (A— LC)X + B(diag (£))u,

where diag (§(t)) = diag (&(t)) — diag (£(t))

The class of actuator degradation functions is defined in the
same similar way as we have defined for sensor degradation
function ¢(t), which we will not address here. We state the
control problem for the actuator degradation as follows.

(11

(12)

Problem 4 Consider the system (9) with controller (10) and
state observer (11). Find, if possible, the controller with gain
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K and observer which comprises a pre-filter, an adaptive law
for £(t), and a state observer of %(t) with gain L such that
(A) (1) is an estimate of £(t) and |&(t)-&(t)] is
bounded (which will always be the case if
0<§ (1) <1since 0< ¢ (1) <1 forallk=1,...,m).
(B) X(t) convergestox,i.e. lim (R—x)=0.
t—o0
(C) The state observer is asymptotically stable, i.e.
oc(A-LC)cC .
(D) The controller ug(t) = KX(t) is such that the

closed-loop system with observer achieving (A), (B),
and (C) is asymptotically stable.

3.2 Main Result
In this section we present the main result for the system
subject to actuator degradation.
Theorem 5 Problem 4 has solution if there exist
a pre-filter (or e filter)
e (1) = (A—LC)e; (1) + G(CX(t) — y(1)) (14)
an adaptive law
) —T'(diag (u,))" B Qe VE(t)e D
~TWE(t) - T(diag (u,)"B'Qe, vé(t)e D

where

D={au

Am and -o,, are the maximum eigenvalues of WT S_]W >0

(15)

m

"awfgﬂmﬂ}mmpz{an
Om

lof —}
O

and -W —WT + S < 0, respectively, for some positive
definite symmetric matrices W and S.
a state observer
X(t) = AX(t) + B(diag (E(t))u. (1) + L(y(t) — Cx(1)) (16)
and a controller

u, (t) = KX(t) (17)
such that the following conditions are achieved.
1. ..
2. The matrices P, K and a scalar y > 0 satisfying

P=P">0

P+ (A+ B(diag(&)K)" P + P(A+ B(diag(£))K) + cK |

K+%PBBTP<O(18)

for € > 0 and b > 0 that are picked by the designer.
(2) The matrices Q, and L satisfying
Q=Q">0
Q+(A-LC)"Q+Q(A-LC)+y(cK"K +F)<0(19)

for a given K, and
-1
o (A+ B(diag (E))K)T P
F- —[PB(d'ag @))K] + P(A+ B(diag (8))K)

PB(diag (£))K
+cKTK +

CKTK
+cKTK +%PBBTP
(3) Verify that there exists H satisfying
H=H">0

¥
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H+(A-LC)"H + H(A—LC)+i(H +Q)BB' (H+Q)<0(20)

given Q, L, and scalar a=c—-b >0 and c = ).
(4) The matrix G is such that

. T -1
[Q+(ALC)TQ+Q(A Lc)]_crng{H SR LC)] HGC <0

+C(KTK+F) +%(H +Q)BBT(H +Q)

holds for a pick matrix G andG = pG , find p > 0 satisfying

pla—p>0 (21)

where
B=eig [ Q+(A-LC)TQ+Q(A-LC)+y(CK'K +F)]

H+(A-LC)"H+H(A-LC))

o=eig,,|CTGTHT HGC

+§(H +Q)BB"(H +Q)

Note that such a p always exists.
Proof. See Appendix B for proof.

Remark 6

(1) It is obvious that the computation of L in (19) is not
independent of (18). However, the computation of (18)
can actually be made alone. The technique to solve (18)
can be found in [3], which is similar to the solution for
(8) in Theorem 2. Once we had the matrices P and K, the
computation for (19), (20), and (21) may be
straightforward by following the similar procedure.

(2) We note that to deal with actuator degradation is much
more complex than the sensor degradation case. This
may be due to that in sensor degradation case we receive
the degraded information of sensor directly, while in
actuator degradation we have only a filtered version of
information. Thus to take care of this information
discrepancy the pre-filter is designed in such a way that
the discrepancy can be asymptotically demolished and
thus the system is stabilized. This detail is seen in the
proof.

CONCLUSION

In this paper we present an observer-based design to handle
actuator or sensor degradation. The observer contains a
pre-filter, an adaptive law, and a modified Luenberger
observer that achieves estimation of system state and the
estimation of conditions of actuator or sensor. We have
shown that if a set of differential Riccati inequatities (DRI) is
satisfied then the system can be stabilized under actuator
degradation. While in sensor degradation case an Algebraci
Riccati inequality (ARI) and a DRI must be satisfied to
stabilize the system.
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A.Appendix A

Proof.

Consider the system (1) with sensor degradation, observer
(3), and control signal in (2).

Let error be X = X — x, thus (1) can be rewritten as

X = (A+ BK)x+ BKX (A1)
The error X(t) is given as
X = AX + L(diag(¢))y — L(diag($))Cx A2)

=(A- L(diag(&)))C)i —L(diag(¢))Cx

where diag(¢) = diag(¢?) —diag(¢). The usual Lyapunov
stability theory cannot be used due to the assumption that the
sensor is subject to piecewise constant function. An extension
of Lyapunov stability has been proved [3], [8] to guarantee
the asymptotic stability of the system. By [8] we need to
prove that, by defining a positive definite function, the sum of
all increments of the positive definite function for all jump
instance is bounded and the derivative of the function is
always less than zero (not at jumps). We define a positive
definite quadratic function as

V=X"Qx+x" (yP)x+¢' T  (A3)
for positive definite symmetric matrices Q, P, and 7"and a
scalary > 0.
It can be shown that the total increment of function V of (A.3)
for all jump instance is bounded above, see [3] for detail. The
derivative of V is given
ETAS , STAS , STAS , oT T . T /B
Ve X ~Qx + x Q?< + x;Qx-+ X (ZP)X-F X' (YP)X + X (yP)xJ(AA)
+O'THO-0)+(0-9)'T 70
Substituting (A.1) and (A.2) into Error! Reference source
not found. we have
X (Q + (A~ L(diag ()C)" Q + Q(A- L(diag ($))C))X
+ X" (yP +y(A+BK)T P+yP(A+BK) )+ X yPBKX + XYK" BT Px
~(Cx)" (diag (9))" L' QX — XQL(dliag ($))Cx
0T -0 +G-H)'T
Note that diag(E)Cf( = (diag(Cf())J and thus (A.5) can be

rewritten as
[P AL BRTPpALBR) _ - [x] (A6)
V:M [Q+A7L(dlag(¢))0) Qj M
+Q(A- L(diag@))C

~ 37 (diagCX)" U'QR X" QL(diagCx))d + T (h-) + (6~ ) 71§
Note that we replace _ 37 diag(cx))T LTox by
-4 (diag(ca))’ LTQx since () » xty and then gty o .
Thus we may have

(A5)

YPBK
yKTBTP

Vo NT Y(A+BK)" P +7P(A+BK) YPBK H (A7)
% YKTBTP (A-L(diag(¢))C)" Q + Q(A~ L(diag(¢))C) | X
37 (diaglCR)" L'QX - XTQL(diagCRNG + §' T (h— ) + (3-)' T

To maintain stability we require

¥
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YPBK

{V(Aaf BK)T P +yP(A+ BK)
(A-L(diag())C)" Q + Q(A— L(diag(¢))C)

(A8)
<0
YK'BTP }
and
37 (diag(CR)T L' QX - X" QL(diagCR)G + T (6 - ) + (b— ) T 5 <0(A.9)
It is proved in [3] that (A.8) is equivalent to
{ (A+BK)' P+P(A+BK)<0
(A L(diag(9))C)" Q+Q(A- L(diag(¢))C) <0 1)

[3] proves that (A.9) can also be guaranteed by

$(t)={ T(diag(CR)’ LTAQf _ VemeD
—T'W(t) +T'(diag(Cx)) L' Qx Vé(t) e D
where

A PN A WY — | A2 AV
D={¢<t)|u¢<t)u <= }andD={¢(t) 6| > - }

where the v is number of sensors. A, and -c, are the maximum

eigenvalues of W'S™W >0 and -W -W ' +S <0,
respectively, for some positive definite symmetric matrices
W and S.

B.Appendix B
Proof.
Consider the system (9) with the controller u,(t) = KX and
define error as X = X — X. We have
X(t) = Ax+ B(diag(&))u,

= (A+B(diag(&))K)x + B(diag(&))KX — B(diag(€))u,

We construct a pre-filter e¢(t) and G satisfying
é; =(A-LC)e; +G(Cx—-Yy) (B.2)

(B.1)

The derivative of X can be computed

X = (A= LC)X + B(diag(&))u, (B.3)

Define € = X —e; then

£=X—6, =(A—LC)e + B(diag(E))u, — GCX (B.4)
Note that the construction of e; is obvious since

P + yP(A + BK) YPBK [f
T -
(A - L(diag(9))C) Q + Q(A - L(diag(¢))C)

T
. X 7(A + BK)
V= LI T.T
YK B P
1

~T T T . o~ ~T 1 LT -1~
- ¢ (diag(CR)) L QX - X QL(diag(Cx)¢+¢ T' (0-0)+(0-¢) T ¢
(A7)

in (B.3) is not known and thus e; may be used for
approaching X (t) asymptotically. Now the idea of proof of
stability is similar to what we had for the previous proof in
Appendix A. Let positive definite quadratic function be
V=x"(yP)x+X"QX +&"He + £'T7'¢

where H, Q, and P are positive definite symmetric matrices. y
eR and y > 0. The upper bound of total increments of V for
jump instance is shown in [3]. Thus the derivative of V is
given

v X" (YP)X + X" (yP)% + X" (YP)Xx + X TQX + X QX + X" QX (B.5)

4 i He+ e He+ e Het BTG -8+ G -&)TTE

Substituting (B.1), (B.3), and (B.4) into (B.5), we have
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X" [yB -+ (A+ B(diag ()K)T (1P) + (P)(A-+ B(diag ())K)

+ XK (diag (8))" B (yP)x + X" (yP)B(diag (£))KX
+%7(Q+(A-LC)'Q+Q(A-LO)R

+&"(H +(A-LC)H + H(A-LC)k—X"CTG" He — ¢ HGCX
| 7€ (diag (u,))" BT Px - yx" PB(diag (u,))

+E" (diag (u,))" BTQX + X" QB(diag (u,))E

+ &7 (diag (u,))" BT He + " HB(diag (u, ))&

4 ng—Aé + éTl——lg

It can be shown that [3]

(B.6)

- §T (diag(uc))T B Px—x" PB(diag(u; ))&

+ 7 (diagug))" B O + X QB(diag(ug )

Z7 (diagus )" B' Qey + ef QB(diag(ug)E
1

}< +auguc +7eT(H +Q)BBT(H +Q)e
a

+ ET (d.ag(uc))T 8 Het e HB(diag(u ))& 2

7

+ buI Ug +— ><T PBBT Px
b

Given u, = KX = K(x+X) we have

au.u, =a(x+X)" KTK(x+X). Thus, (B.6) becomes

V<

B+ (A+ B(diag&YK)| P i
/ , ! (Pe(diagtank + 3k TK) 0
+ P(A+ B(diag(&)K) + cK K + = pBa' P |}
b

X T u x
T HCRITETSI
% (PBiagénk + ok k) ; —cTe™h %
. | +Q(A—Lc)+cKTK .
|

; H+(A-LC)TH + H(A- LC)
0 i - HGC
i

1 T
+=(H+QBB (H+Q)
a

=T T.T T s, 5T -1: AT -1z
+ &7 (diaglug))' B Qeg +efQB(diagug))E + &' T+ T TTE

wherec=a+band c=4C.
It is sufficient to require

P+ (A+ B(diag (B))K)T P }

. , ' 4(PB(diag (B)K +TKTK 0
y+P(A+B(diag(@))K)mKTK+B’PE;BTP pediaa @) )

H(A-LoQ )
+Q(A-LC)+cK'K

1(PB(diag ¢)K + K"K ~CTG™H <0

| [H +(A-LC)"H +H(A7LC)J
0 ! ~HGC 1
; +E(H +Q)BB" (H +Q)
(B.7)
and
T (diag(uc))' BT Qe +efQB(diague))Z + & e+ ETr1E < 0(B.8)

By applying the Schur complement [1], (B.7) can be
equivalent written as

[Q+(;’-\—LC) Q+Q(A- LC)] _CTG™H (B.9)
+cK ' K+yF
H +(A-LC) H +H(A-LC))|<0
—HGC 1 T
+-(H+QBBT(H+Q)
and
(B.10)

P+ (A+B(diag)K)" P+ P(A+ B(diag&))K) +cKTK +% PBB"P <0

-1

o T
A+ B(di K)' P
where [PB(diag(g‘))K (A + BldiaglDIO PB(diag(f))K]
F=-

- + P(A + B(diag(£))K) -
+CcK K +CK K

+oK K+LZpPBB P+p
b

Note that (B.9) can be shown to be equivalent to
Q+(A-LC)"Q+Q(A-LC)+cKTK +vF <0 (B.11)

H+(A-LC)"H+H(A- LC)+§(H +Q)BB" (H+Q)<0(B.12)

Proof. By the Schur complement (B.9) can be equivalent
written as

¥
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1

+E(H +Q)BBT(H+Q)

[Q+(ALC)TQ+Q(ALC)JCTGTH[
+eK K +yF

H+(A-LC) H+H(A-LC)) " (B.13)
HGC <0

and
H+(A-LC)"H +H(A- LC)+§(H +Q)BB"(H +Q)<0(B.14)

Sufficient condition (=): This direction is readily proved.
Necessary condition (<): Given (B.13) and (B.14), there
always exists ascalar p>0and G = pG such that

pla—Pp>0 (B.15)
where

B=eig [ Q+(A-LC) Q+Q(A-LC)+cK"K +yF]
H+(A-LC)"H+H(A-LC))

a=eig,,,|C'G"H HGC

+§(H +Q)BBT (H+Q)

Hence from (B.10), (B.11), and (B.12) we conclude that
(B.7) is equivalent to the following three matrix inequalities:

B+ (A+ B(liag@)K)" P+ P(A+ B(diag@)K)+ K"K + L PBETP <0 (B.16)

Q+(A-LC)"Q+Q(A-LC)+cKTK +vF <0 (B.17)

H+(A-LC)"H+H(A- LC)+§(H +Q)BBT(H +Q)<0(B.18)
[3] proves that (B.8) can be implied by

i :{ ~I(diag 1)) BTgefT vEM)eD 519
—-TWE(t) -T'(diag (u,)) B ' Qe; VE(t)eD
where
D= {%(t) el < ﬁjm}and D- {%(t) ] > 7‘(;“’“}

where the m is number of actuators. A, and -c,, are the

maximum eigenvalues of wTs™w >0 and —w -w' +s<0
, respectively, for some positive definite symmetric matrices

W and S.
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